BerynurensHast omumnuana. 07.08.2006

1. 3a KpyIJabIM CTOJIOM CHOAT 2n 4esJoBeK: n (PUIWKOB U 1 XAMUKOB, IPUYEM HEKOTOPHBIE W3 HUX BCETIA TOBOPAT
mpaBiy, & OcTaJbHBIE Beerga JTYT. 3BecTHO, 9TO KOIUYIECTBO XUMUKOB-JIZKEIOB PABHO KOJHUYIECTBY (DI3UKOB-JIZKEIOB.
Da Bompoc: “Krto Bamn cocep cripaBa?’ BCe CHAAIINE 3a CTOJIOM OTBeTm n: “XuMmuk’ . [lokaxuTe, 9T0 n 9ETHO.

2. DaccMOTPUM BCe BO3MOKHBIE HAGOPHI YKCes W3 MHOKecTBa {1,2,...,n}, He comepKallue JABYX COCEIHUX YUCEI.
JokazknTe, 9T0 CyMMa KBaJIpaToB POU3BEIEHUN Ynces B »Tux Habopax pasra (n+ 1)1 — 1.

3. MoxkHo Ju KBagpaT paspes3aTh Ha PaBHOOEIPEHHBIE TPEYTOJIBHUKH C YIJIOM NIPH OCHOBaHUHU 75°7

4. Ilee okpykuOCTH ¢ TleHTpamu (1 u O, nepecekaiorcsa B Toukax A u B. OKpyIKHOCTD, TPOXOAAIIAA 9€PE3 TOUKH
01, B u Oy nepecekaer BTOpyIo OKPYZKHOCTH Takke u B Touke P. [loxkaxure, aro Touku O, A w P jexar Ha omHOM
HpAMOIL.

5. B aseike maemenn Tpy-ssa-sig ciaoBo — mobad mocienoBareabHOCTh n3 10 mHyseit u egurmm. CioBa cauTarOTCA
CHHOHUMAMI, €CJIH OJHO MOYKHO TOJIYIUTh W3 APYTOro cepueil CIenyonmux omepalnii: MOXKHO B3ATh HECKOJIBKO MOIPA/T
CTOAMMX MUPP ¢ IETHONW CYMMOI U TOCTABUTH HA TO JKE MECTO B 0OpaTHOM mopaAmake. CKOJBKO B 9TOM A3BIKE PA3THIHBIX
IO CMBICITY CJIOB7

BerynurenbHast onmuMnmaia. BerBo,

6. Touka B mexur mexny toukamu A uw C. Touku K w H mexaT B OIHON MOJYIIOCKOCTH OTHOCHUTENBHO TIPs-
moit AC'. UsBectro, uto AK = KB, BH = HC, ZAKB = au ZBHC = m — «. Dafingure yruel Tpeyroiabanka K HM
roe M — cepenuna otpeska AC.

7. DaTypanbHBE UHCIA T U Y YAOBIETBOPAIOT paBeHCTBY &2 — y° = 17. Iokaxmure, 4To umeno y’ + 2z 4+ 2 —
COCTaBHOE.

8. DycTh a, b, ¢ — HeoTpHUIATEIbHBIE YHCIA, He DOJIee YeM OHO W3 KOTOPHIX PaBHBI HYJIO. JloKakuTe HEPABEHCTBO

a? b2 c? a b c

b2+cz+cz+a2+a2—|—b2 _b+c+c+a+a—|—b'

Cepust 1, obimasn

1. Dycrs P(x) — MHOTOWSIEH TpeTheil cTelenn ¢ meficTBUTENbHBIMI Koadbdunnentamn Takoif, uro P(2) + P(5) <
7 < P(3) + P(4). HoxamnTe, 9T0 CyUIeCTBYIOT AeficTBUTENbHBIE Yncaa ¢ u b Takue, 910 a + b =7 u P(a) + P(b) = 7.

2. DaiiguTe Bce CTPOTO Bo3pacTalollue Ha Beeil IucIoBoil mpaMoil pyHKIME f ¢ AeliCTBATEbHBIMEA 3HAYEHU AMHI,
Takme, 9To 14 Beex AefictButenvubix x u y f(f(2) +y) = f(z +y) + f(0).

3. Hauna dbyaxuna f(z) = % Aatimnre dynkmmo g(z) = f(f(... f(z)...)).
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4. Dycrs r(n) obosHaTaeT KOIMIECTBO NMPEACTABIEHNH HATYPAJIBHOTO YHCIa N B BUIE CYMMBI IBYX HEYIOPAZOIECH-

HBEIX KBaJpaToB HATYPaJbHBIX dncesl. JJoKaKuTe, 9T0 HE IPH KaKOM HATYpaabHOM m > 1 Ioc/aenoBaTesbHOCTh OCTATKOB

OT OeJIcHNA YUcCell r(n) Ha M He ABJIACTCA HepI/IO,HI/I‘IeCKOﬁ.

Fle)+f(y) >

5. CymectByer nau dyukmua f : R — R takas, 9ro mpum Bcex ,y € R BBINOJHAETCA HEPABEHCTBO >

rty

F(5Y) +le—yl?

6. DermnTe B BENECTBEHHBIX YncIax ypaBHeHue 37 + 67 = 4% 4 5.

7. a) CylecTByeT Ju HelpepbiBHAA GYHKIWA, TpaduK KOTOPOHl Tepecekaerca ¢ Jiobofi mpaMoii Ha miockocTn?

6) f(x) — HempepbIBHAA MOHOTOHHO Bo3pacTaolias QYHKINA, oNpeleseHHad PN BeexX AeficTBUTENbHBIX . Mozker
s ee TpadUK UMETh POBHO OHY WJIH JBe 00lNe TOYKH ¢ KazKIoi mpamoii?

8. JMaHbI passndHBle HATYpaJbHBIE ducaa m U n. JJoKaxknTe, 970 CYIECTBYET TaKOe BEIIECTBEHHOE YHCIO &, UTO
IPOOHBIE TACTH YHCES ML U N Jekar Ha mpoMmexyTke [1/3,2/3].

Cepusa 2. IIpeumyiiecrBeHHo KOMOUHATOPHAS

1. B 6emom xBampate 8 X 8 3akpallleHO B depHBIl 1mMBeT 16 KJIETOK, POBHO MO ABE B KaXKIOM CTOJOIE M KazKIoit
crpouke. JlokakuTe, 9TO MepEKPAITIBAHIEM CTPOK W CTOJIONOB HEJIb3A YMEHBIINTEH KOJUIECTBO YEPHBIX KJIETOK.

2. Ya nnockoctn mposeneHo 3000 mpAMBIX 0b1ero HotoxennA. JlokakuTe, 9T0 OHE 00pasyioT He MeHee  a) 1000;
6) 2000 TpeyTroJBHIKOB.

3. Ilano meorpanmveHHoe wmciao KBagparukoB 1 x 1. Wx cTopomwl packpaiieHbl B 4 MBeTa Tak, YTOOBI Y KaKIO-
ro KBaIpaTHKa BCE CTOPOHBI OBIIM PAa3HBIX MBETOB (KOJIMYECTBO KBAJDATHKOB KaiKIOH BOSMOIKHON DACIBETKH TaKiKe
HEOTPAHWIEHO). DTH KBAIPATHKH MOMKHO CKJIEHBATH 1O OJHOIBETHHIM CTOPOHAM. DPH KaKUX M M N U3 HUX MOKHO
CKJIENTD TPAMOYTOJBHUK M X N TaK, YTOOBI KazKJAad ero CTOpPOoHa Obljia MOKpallleHa B OAUH I[BET U I[BETA BCEX CTOPOH
OBLIIN pas3THTHBI?

4. Ksagpatusiit Tpexdaien f(z) = ax®+bx+c ¢ neapMu KoadbuimentTaMn obanacT TaKHM CBORCTBOM: I J11060T0
HATYyPaJBLHOTO M HafimeTcsa HaTypaibHOe & Takoe, uto f(z) memutca Ha m. JlokaxkuTe, 9To KOpHU f(2) parmuoHaIbHBI.

5. Cepenuunsiii neprnennukynaap kK cropore AC tpeyrompauka ABC mepecekaer croporny BC' B Ttouke M. Duc-
cektpuca yriia AM B mepecekaeT ONMUCAHHYIO OKPYIKHOCTH Tpeyroiabhnka ABC' B Touke K. JlokaxwuTe, 9TO mpaMad,
IPOXOIAIIAA Tepe3 MeHTPHl BIMCAHHBIX OKpYKHOCTel Tpeyronbuunkos AK M nw BK M, nepneHanKyaapHa OHcceKTpuce
yrma AKB.

6. BemecTpennbie uncna a, b, ¢, d Takoswr, ato a’ + b2 + ¢? + d? = 4. Nokaxnte, uto a’ + b3 + ¢3 + d° < 8.



7. HokaxkwuTe, 9T0 B CBA3HOM I'pade ¢ YeTHBIM IUCIOM pebep MOZKHO OPHEHTHPOBATH pebpa Tak, YTOOBI M3 KazK IO
BEPUIMHBI BBIXOIUIIO 9eTHOE TUCTO pebep.

8. Dycrb F — ceMelicTBO KOHEYHBIX MOJMHOZXKECTB MHOYKECTBA HATYPAJBHBIX UHCES, TaKOe, 4TO JIOOBIE ABAa MHO-
JKECTBa W3 3TOTO ceMelicTBa MMEIOT HellycToe Tepecedenne. BepHo sim, aTo obs3aTesibHO HaiifeTcs TaKoe KOHETHOE
MHOKeCTBO Y | 9TOOBI 151 JIIOOBIX IBYX MHOXKecTB A u B u3 cemeiictBa I mepecedenne Tpex Muoxkects A, B u Y 6b110
OBbI HemycTo?

Cepus 3. Ilpenensbl, 1enabie mpodu etc.

1. Onpenenwm MocaenoBaTeNbHOCTD { Xy, } dbopmynoit z, = n(a — 1) (a > 0,a # 1). lokaxkure, 970 MOCIEI0BA-
TeNbHOCTD a) {®ax }, 6) {xn} yOBIBaCT.

B) Hokaxure, 9T0 y MOCIETOBATENBHOCTH { &y, } cyllecTByeT Tpenes {(a).

r) Hoxazxure, aro [(ab) = l(a) +{(b).

2. HoxazxkmTe, 9To M3 00O OrpaHNYEHHOI TTOCIeH0BATETBHOCTH MOYKHO BHIOPATH MOHOTOHHYTO MOIIOC/IEIOBATE b-
HOCTb.

3. Mana GeckoHedHas YUCIOBAs MOCIEIOBATEIBHOCTD {dy, . W3BecTHO, YTO nh_}n(}o (Cln+1 — GT") = 0. Hokaxkute, 9TO
lim a, =0.
n—r 00

4. Hano meiicteuTenbHoe unciao o = 0,a1as...ay.... DOCTPOAM TaKyl IOCJEIOBATENBHOCTB: 1 = «, iy =
0,asa3...an ..., a3 = 0,a304 ... a4y ..., ..., &y = 0,AnGpnt1 ..., ... (KaKIOE CIAECOYIONIEE TNCIO TOJYIAEM U3 TPETBIIY-
IIETO BBIYEPKUBAHIEM TTEPBOH IPhI HOCIe 3a14TOol ). M3BECTHO, UTO TTOCTIENOBATETHHOCTE { &y } cxomnTes. JJokaxkuTe,
YTO IHUCJIO (¢ PATAOHAIBHO.

5. KoHeuHas HempepbIBHAA, MM IEMHasA, Ipobb — 3TO BEIpasKeHNne BHIA

1
[GO;alaGZa"'aan—laan]:a0+a1+ 1 - ; (*)
as +

Ap—1 + —
Qn

B KOTOPOM ag — TEJIOE, G HAaTypaJbHBI mpu k > 0.
a) JJokamxuTe, 410 M0060€ pannoHaJIbHOE YNC/IO IHNHCTBEHHBIM 00Pa3OM PacKIaIbIBAETCA B KOHEUHYIO IEMHYIO TpO0h

cap £ 1.
k

Bripaxkenusa % = lao; a1, az, ..., agp—1, a;] (Px w Qp B3ammMHO WpocThl, Qi > 0) HasBIBATCA NOJTOIAUUMU

dpobamu K nennoll apobu (*).
6) Hokaxure, 910 Pyi1 = ap41 Pk + Pec1, Qi1 = ap1Qr + Qr—1-

B) Hokaxure, 910 Pp11Qn — PrnQni1 = (—1)".
r) Jokaxknre, 910 o = [an; n_1,...,a1], % = [an; an—1, ..., a0] (ecam apg # 0).
1) JToKaKuTe, 9TO €CI & = [Ak, k1, - - -5 Gn] — NOAHOE HACTMHOE, TO X = S—" = %.

6. Lentper okpyxHOCTER S1, S2 U S3 Jexkar Ha oaHON mpaMoill, mpudem S; u Sp He HepeceKaTCd, a S3 BHEITHUM
0obpa3oM KacaloTcsd ABYX APYTUX OKpyzxHOCTeil. JlokaxkwnTe, 4TO OKPYIKHOCTE S3 MepeceKaeT oblne BHYTPEHHHUE Kaca-
TeJabHBIE K S7 B Ss B YETHIPEX TOYKAX, OOPA3YIOMINX YETHIPEXYTOJBHUK, JBE CTOPOHBI KOTOPOTO MapaJliedbHBl OOIHM
BHELIHUM KacaTeJbHBIM K S7 B Ss.

7. Uucaa or 1 go 100 pasdbuTsl Ha 7 HEMEPeCEKAONMXCA MHOKECTB. JloKakuTe, 9T0 B KAKOM-TO U3 3THX MHOYKECTB
HallmyTcA dHCsIa di, a2, by, by Takme, 910 a1 + az = by + by (a; # b, HO, BOSMOKHO, a1 = as unn by = by).

8. Dycrh a,b, c — BemecTBeHHble yncia. J[lokaxuTe HEPABEHCTBO (bfi)Q + (CEZ)Q + (af2b)2 > 2.

9. DecKOHEUHBIH KIETIACTHI] JINCT HOKPHIT (0 KJIETOUKAM) B OIMH cJofi gomuuomKkamn 1 x 2. J[TokakuTe, 9T0 3TOT
JINCT MOJKHO MOKPHITH MO KJIETOUYKAM €Ille TPEMA CJOAME JOMUHONIEK TaK, 9TOOBI HU OHA W3 JIOMUHOIIEK HE JIeKaa B
TOYHOCTHU HaJ, APYTOil.

Cepus 4: skoHomum Gywmary.

1. ®ynakuus f € C(R) umeer mepuonst | u 27. Daligure byuxmmio f, ecan wspectHo, uro f(0) = 1.

2. Dyers Py(z) = 22 — 2, Pi(z) = Pi(Ps_1(x)) (k = 2,3,...). lokaxure, 9To aJs J06Or0 HaTypPaJbHOTO N BCe
KODHW ypaBHeHUA P, (%) = ¥ BElIeCTBEHHB I Da3/IHIHBIL.

3. ®yukmua f : R — R HempeprsiBHa. [l KaiKIOTo BENIECTBEHHOTO # mMeeT Mecto pasenctso f(x) - f(f(x)) = 1.
Mssectro, aro f(1000) = 999. Daiimure f(500).

4. Daiinute Bce HempepbiBHble dynkunn f : R — R ynosaerBopstomune yeaosno f(1) = 2 u Toxaectsy f(zy) =
F@) () — Fe+9) + 1,2,y € B,

5. Dycrb a, b, e > 0. Hokaxure HepaBaeHcTBO a? + b2 + ¢ + 2abe + 1 > 2(ab + be + ca).

6. Hokaxmure, 9T0 B M06OI KOMIIAHWMM, COCTOAIIEH W3 YETHOTO YHCJIa JIOJEll, HalllyTcA 1Ba desoBeKa, MMeoIIne
YeTHOE YHUCJIO OOUIMX 3HAKOMBIX.

Cepus 5, NOJIOKHATEJIHHO ONpeNeIcHHAas.
1. Denpeprisabie dbyuxuun f, g : [0; 1] = [0; 1] obranator Tem cBoiictBoM, uto f(g(z)) = g(f(#)) ma moboro & us

[0;1]. Jokamure, uto ecau f Bospactaer, 1o Halinerca a € [0; 1] Takoe, uro f(a) = g(a) = a.
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2. Denpeprirag dbyakuna f : R — R takoBa, 9T0 1/ JIOOOTO BEIECTBEHHOTO & BBINOIHAETCA paBeHcTBO f(2 +
f(z)) = f(z). Horaxkure, aro dbyHKINA [ HOCTOAHHA.

3. Oyukmua F 3amaHa Ha Beell BEIeCTBEHHONW ocH, MpIIeM I JTI0O0TO & HMEeT MECTO PaBEHCTBO: F(l‘ + l)F(a:) +
F(zx+ 1)+ 1 =0. Jokaxkure, uro dbyHknua F He MoKeT OBITH HEPEPHIBHOI.

4. a) Kakux umcesn GoJblie cpein HaTypajibHbiXx unces oT 1 go 1000000: npemcraBumbix B Buge 222 — 3y? uiam
npencTapuMbIX B Bude 10zy — 2 — y? ¢ menevu x  y?

6) Dunapuas kBaaparuunas gopma f(z,y) = [a,b,c] = ax? + bry + cy® ¢ nenbiMu KoabdunmeHTaM NpeICTA-
Bisierca opmoit F(X,Y) = [4, B,C] = AX? + BXY + CY?, ecnu nuneiinoe npeoGpasoBanue 71 r = o X + Y,
y = yX + Y ¢ nensivu kosddurnmenramu mepepogut f B F (10 ecth F(X,Y) = f(aX 4+ Y, vX 4+ §Y)). Kaxr BoI-
paxatoTca Koaddurmentsl F depes Koaddunments f (1 Koadbdbunments anHeiinoro npeobpasosannd)? Kak cBA3aHbI
nuckpumuHanThl f u F'7 (Danomunm, uro auckpumuaanT dbopmbl f — aro D = b? — 4ac.)

B) DycTh IpeobpasoBanue o nepeBoauT dhopmy f B dopmy ¢, a nmpeobpasoBanue T — dbopmy ¢ B dbopmy h. Hokaxure,
ato f mpencrasiasgerca dpopmoii h. Kakoe mpeobpasopanne mepepomut f B A7

Ecnu onra dopma mepeBoanTesa B APYTYIO TpeobpasoBaHUEM ONpefeuTesst 1, To 3T (GOPMBI 9K BUBAJIEHTHBI.

r) JTokaskuTe, 9T0 (TeXHIIECKAA MOIPOOHOCTE) OTHOIIEHIE SKBUBAJIEHTHOCTH — OTHOIIEHIE 5KBHBAJEHTHOCTH, W 9TO
(N7 wero Bce $T0 M HYIKHO) SKBHBaJEHTHBIE (hOPMBI MPEACTABIIAIOT ONHE U Te JKe Jucia (T.e. MIPUHIMAIOT OJHH M Te
JKe 3HAUYEHNA TPH TeJIbIX 3HAUYEHUAX apryMeHTa).

DaduHag ¢ HTOTO MOMEHTA, B HACTOAIIEH 3aade pacCMaTPHBAIOTCA TOIBKO MOJIOKHTEITBHO ONpeIeIeHHbIe (11
IPOCTO TIOJIOKUATETbHBIE) DOPMEL, TO ecTh GOPMBI, ¥ KoTophix D < 0, a a > 0.

1) Hokaxmure, 9410 eciu dhopma f = [a, b, ¢] mpeacTaBafeT YUCIIO N IPH B3AHMHO MPOCTHIX & U Y, TO OHA SKBUBAJECHTHA
HekoTopoit dpopme Buga [n, by, ¢1].

Tenepb MBI PACCMOTPUM MOJIOK UTETBHO OIpeneeHHbIe (1 TPOCTO HOJOKUTEIIbHBIE) GOPMBI, TO €CTh Gop-
MBI, y KoTopeiXx D < 0, a a > 0.

Dallra 3a1a9a — BBIIETHTE B KaXKIOM KJIacce SKBUBAJIEHTHOCTH dopM oany dopmy f u pelrars ypasaenune f(z,y) = n
TOJIBKO IJIs Hee.

Donoxurenvhas dhopma [a, b, ¢] — npuBeennast, eciau —a < b < a, ¢ > a, a B ciydae,Korga ¢ = @, elle JOMOJIHE-
TesipHO b 2> 0.

e) JTokaskuTe, 9To BCAKAA MONOKUTETbHAA (POPMa SKBUBATEHTHA HEKOTOPON TPHBEIEHHO.

s
1 .
5. DarypasbHOEe YHCIO N TaKoBO, 410 n + 1 — mpoctoe. okamute, 910 a) y Yy ¢ N un ga xkakoro s € N;

s
6)k2::t #—I—l ¢ N Hn mois Kakwx s, ¢ € N,

6. Ilse okpyHocTH ¢ pammycamu © n R (r < R) BHelIHHM o6pa3oM KacaloTcsa ApyT Apyra. IpAMad KacaeTcd
9TuX oKpyKHOCTel B Toukax M u N. B Ttoukax A u B oKpyKHOCTH KacalTCs BHEITHUM 0OPa3oM TpeThell OKpYKHOCTH.
Opsambie AB u M N nepecekatorcs B Touke C'. U3 Touku C mpoBesieHa KacaTejbHas K TpeThell OKpyKHOCTH, [) — TouKa
KacaHuA. Jaiianre aamHy oTpeska C'D.

7. Bayrpu tpeyronsuuka ABC', Bce yrisl KoToporo Menbiine 120°, ormedena Touka P rakas, uro LZAPB = /BPC =
ZCPA. lokaxure, aro mpaMble Ditnepa tpeyronbankoB AP B, BP(C u C'P A nepecekatoTca B OTHON TOUKE.

8. Da criaze ecTh n > 1 pasHBIX MENIKOB 1 cTOpoK. KaxIblil Mellok JiexkuT Jubo Ha Moy, JIUOO BHYTPU OTHOTO U3
IPYTUX MEIKOB. BpeMsi oT BpeMeHU cTOPOK BEIOUpAET OIUH W3 JICKAIIMX Ha MOy MENIKOB, BEIHUMAET W3 HETO U KJIAJET
Ha TIOJT BCe JIeXKAIle B HEM MEIIKN H, OJHOBPEMEHHO, KJTaJeT B HETO BCe MEIIKH, KOTOPHIE PaHbIlle JIeXkKaln Ha oy (co-
JePIKIMO€e OCTANBHBIX MENIKOB TIPH 3TOM He MeH#AeTcs). CKONBKO PA3IUIHBIX PACHOIOKEHUN MENTKOB MOKET MOy INTh
cTopok? (JIBa PacmoIOKEHNA CIUTAIOTCH OINHAKOBBIME, €CJIH 000N MENIOK NMeeT B HUX OJMHAKOBOE COTEPIKIMOE. )

Cepust 6, 663 MHOTOCEpUMHBIX 3a/1ad9.

1. oxaxwnTe, 9TO KOPHU YpaBHEHWNA 24 art + b3+ cx? +de+e =0 nme MOTYT OBITH BCE BENIECTBEHHBI, €CIIH
2a” < 5b.

2. Kakoe namboJblilee KOIUIECTBO BENECTBEHHBIX KOPHElH MozKeT uMeTs Muorouten P(z) = 2™ + ax? + bz + ¢, Te
n > 37

3. BelllecTBeHHBIE UHCIIA @1, A3, . . . ,, Gy TOJOKATEILHE. JIOKaKHUTe, UTO ypabHeHHe 2" 4+a12" ' —as 2" 2 —. . .—a, =
0 mmeer He Goslee OMHOTO TMOMOKUTENHHOTO KOPHA.

4. a) Tpexusnen ax’~+br+c IpH Beex NeBbIX & ABJIAETCA TOUHON YeTBepToil cTenenbio. JIOKaKUTe, 4TO OH OCTONHEH.

6) Tpexusen ax? + bxr + ¢ npu Beex HesbIX @ ABJAAETCA TOYHBIM KBagparoM. Jlokaxure, uro Torga ax? + b + ¢ =
(dz +e)* tne d,e € Z.

5. Dycrw p, g > 0, zl? + é = 1. [lokaxmuTe, 9TO

a? b

a) (IlepasencrBo ¥0Hura.) Ecian a,b > 0, To ab < o+

6) (IlepaBenctBo Lenbnepa.) Ecaw ar,as, ..., an,b1,b2, ... 0y >0, 10 arby +asbs+ ...+ apb, < (af +ab+...+
ab)v - (b4 b3+ .. 4 b2)7.

B) (IlepaBencrBo MunkoBckoro.) Ecau aj,as, ..., an,b1,b2,...,b, > 0up > 1, 10 ((a1 +0)P 4+ ...+ (an +

1

b)) ¥ < (a4 4 al)T 4 (B 4. bR

6. Jau mosHbBIl opueHTHpOBaHHBIT rpad Ha 27 BepuimHax. JlokaxwuTe, 9TO W3 HUX MOZXKHO BHIOpaTh n + 1 Bepimuy
V1, ..., Un41 TAK, 9TOOBI Bce pebpa Ha TUX BePIINHAX ObLIH OPUEHTHPOBAHBI OT BEPUIMHBI C MEHBIINM HOMEPOM K BEPIINHE
¢ GOJIBIIMM HOMEDOM.

~—



7. IIBoe mo ovYepenu cTaBAT KPECTUKU W HOJIUKHU B KJIETKH ODECKOHEYHOTO JIMCTA. JEPBBI XOUET MOCTABUTL UETHIPE
KPecTuKa Tak, 9TOOBI MEHTPH UX KJIETOK OBLIM BEPUIMHAME KBaJpaTa CO CTOPOHAMM, MAPAJJIebHBIMI JUHAAM CETKH, a
BTOPOit X04eT eMy momeraThb. KTo u3 Hux m100beTCA CBOETO NMPH MPaBUIBHONE UIpe’

8. Da orpeske AB Kak Ha AHaMeTpe MOCTPOeHa OKPYKHOCTh. BHyTpH Hee B3aTa Touka P. DocTpoiite Bce Touku M,
Jnexaime Ha aumaMmerpe AB, takme, ato PM = M K, tme K — Touka okpyxHocTu 1 MK | AB.

Cepust 7, pasHoONIEpCTHAS

1. B cBasHOM rpade 2n BEpIINH, IpHYeM Bce OHE cTenern 3. JIokakuTe, 970 MOKHO BEIOpaTh — a) n+1 pebep; 6) n
pebep  Tak, 9TOOBI MpaBMIJIbHAA PAcKpacKa B 3 IBeTa BRIOpaHHBIX pebep OMHO3HAYHO 3a1aBajia MPABUIBHYIO PACKPACKY
B 3 1BeTa Bcex pebep rpada (packpacka HpaBUIbHAM, €I IBa pebpa ¢ obIiel BEpIIMHONR NMEIOT pasHble MBETa).

2. Oycrb a, b, e > 0. JlokaKuTe HEPpABACHCTBO

(a® 4 ab + b?)(b* + be + ¢?)(c? + ac + a*) > (ab+ be + ca)®.

3. DocaenoBarebHOCTD MUdpP cTponTca caemyoumm obpazom: 0,1,0,1,0, 1, a kaxk el caeayoumil YwWien — MoCcaen-
HAA Mudpa CYMMBI IIECTH TPEAbIAYINX. BeTpeTuresa au B 3Tol mocienoBaTenbHocTn KoMOuramusa mudp 1,0,1,0,1,07

4. Knerkn npamoyroabauka 239n x 239(n + 1) ObLIH MOKpAIeHBl B YepHBIH 11 GeJIbIi IBeTa B IIAXMATHOM TOPAIKE.
3aTeM ero KakumM-TO 06pasoM paspesasy Ha NPAMOYTOIBHUKA n X (n + 1), Kamablif U3 KOTOPBIX HOKDACHUIN B IBET
€ero JIEBOTO HUKHETO yTiia. Kakme 3Ha4eHWA MOYKET IPHHIMATH PA3HOCTH KOJUYECTBA UYEPHBIX U DEJIBIX KJIETOK TOCTIEe
mepeKpacKm?

5. Da MIOCKOCTH JaHBI OKPYXKHOCTL S, €€ menTp (O, Touka A, Jexaiias Ha OKpyXKHOCTH S, U Touka (1, Jexkalrad
BaHyTpu S. W3BecTHO, 9TO cyiiecTByer deThipexyroibHuk ABC' D, Bumcanublil B S W OmmcaHHBI BOKPYT HEKOTOPO
OKpyKHOCTH S ¢ neHTpoM (1. D PpU MOMOIIHN OIHOI JIMHEWKH MOCTPOiiTe ellle OMHY BEPIIHHY 3TOTO YETHIPEXYTOIBHUKA.

6. Kammaa ws okpyxHocTeli S1, Sz m Sz Kacaercs BHENIHHM 0OpasoM oKpyxkuHOCTH S (B Toukax Aj, By n C4
COOTBETCTBEHHO) M IBYX CTOPOH Tpeyronbhnka ABC (Sy ctropon AB u AC, Sy cropon AB u BC, Sz cropon AC' u BC').
Hoxaxure, uro npameie AA;, BB u C'(] mepecekaiTcsa B OMHON TOUYKE.

7. ®ynrmua f(x) Hempepwiaa Ha otpeske [0;1], f(0) = f(1). Hoxamure, uro y rpadura »Toil GyHKIHN ecTh
mapajiiesbHas ocn abCnuee Xopaa IIUHEL a) =, 6) % [pU KaXKJIOM HATYPaJbHOM n.  B) Dpu Kakux d y »Toil DyHKIMNI
3aBeIOMO HalimeTcsa xopaa IuHbl d?

8. (Taycc; mokasarenbctBo [Ix.Toifra). Dycrs p — mpoctoe gmcio Buga 8k + 1. DaccMoOTpuM MponsBeleHHE
—p=l® p=3t poBR o pom? rae m — HanboJibllee HEHETHOE YUC/IO, HEe IPEBOCXoiAIIee /P
7] 2 2 ZIE d
a) Hokaxwure, aro N < (m + 1)l
6) DPennoIoKIM, YTO p — KBAIPATHUHBIA BBIYET IO MOIY/IIO0 KaiKIOTo MPOCTOrO YiCIa, MeHbliero (/p. Jlokaxure,
9TO IJIA Ka ol crenenn mpocroro gncia ¢° < m—+1 cpean comuokuTeseit, Bxomaumx B N, mo kpafineit mepe [(m—+1)/¢°]
KPaTHBIX §°.

B) B mpenmosnoxennn 1.6) nokaxknre, aro N menurcs Ha (m + 1)L

r) (T'aycc) JlokaxmTe, 9T0 ec/im p — mpocToe 9UcI0 Buma 8k + 1, To cyliecTByeT TaKoe PpocToe Tucyio ¢ < |/p, 910
P — KBaJApaTHYHBI HEBBIYET modg.

1) CylecTBEHHO JIN B yTBEPIKAeHNN 1I.T) ycaoBne p =1 (mod 8)7?

9

N

Cepust 8, 6os1ee KoMOHHATOPHAS.

1. DasoBeM paszbuenuem TpeacTaBIeHIE HATYPAJBHOIO YHUCJIa N B BUIE CYMMBI OJTHOTO WJIN HECKOJBKUX HATYPAIIb-
HBIX UHCEN, 3alUCAHHBIX B HEYOBIBAIONEM mMopagke. JycTh II(n) — MHOKecTBO Beex pasbuennit duciaa n. O6osHaINM
oA m € II(n) gepes A(w) KommdecTBo ennHuIl B pasbuenun 7, a depes B(m) — KOMUYECTBO DasIMIHBIX YHCET B 7.
IokaxmnTe, 9TO Znen(n) A(r) = Znen(n) B(r) mna moboro n € N.

2. [lBoe 1o ovepenn CTaBAT IEJble YNCIA, HE AeIAINecd Ha 3, B KJIeTKH Tabaursl 17 x 19, npudeMm Helb3s, 9TOORI
B KAKOH-HUOYIb CTPOKE WJIH B KAaKOM-HUOYIb CTOJIOIE CyMMa dHCcesT TaBajia OCTaTOK | TpH AesieHnn Ha 3. D POUrphIBaeT
TOT, KOMY HEKyJa XoIuTh. KTo BRIUTpaeT mpu MpaBUIbHON urpe?

3. Dycrb a,b,c,d > 0. Jlokaxkure HEPABHECTBO ba? + C_I_Ld + d-l—La + ﬁ > 2.

4. Da gyre AC' onmcanHoit okpyxkHOCTH Tpeyroibhuka ABC Bembpana Touka P. Dpameie AP u C'P mepecekaior
npomosnxenusa cropor AB u BC' B Toukax C7 m Ay coorBercTBeHHO, a ipaMad B P nepecekaet cropony AC' B Touke Bj.
Dpamere C1 B u Ay By mepecekator croporst BC u AB B Toukax X u Y coorBercTBenno. /loxkazxkure, uro mpavad XY
MPOXOAHUT Yepe3 TOUKY MepecedeHus cuMenuan Tpeyroyabauka ABC.

5. ®yuxuna f(z) quddepennnpyema na orpeske [a, b], npudaem f(a)=f(b)=0. Hokaxure, 9ro HallmeTca TaKad TOIKA
¢ € (a,b), aro f(c) + f'(c) = 0.

6. Mokaxure, uro muorowren ((z2 — 1)?)(®) umeer n kopweit ma orpeske (—1,1).

7. KpagpaTueri Tpexdier ax’ + bz + ¢ ¢ IelbIMI KoahhUIIeRTaMy IPHHEAMAaeT B p TOAPAL HAYIIAX IeJbX TOTKAX
SHAUeHUsl, ABJIAIONMECH TOJHBIME KBajpaTaMu (p — npocToe ucio, p > 5). Hokaxure, uro b? — 4ac nesurcs Ha p.

Cepusa 9, KOMOMHATOPHO-AHTHHAY YHAST

1. Tpu doxycanka mokasbBaoT (okyc. OHE HaT 3pUTeNo Koaomy U3 2n + 1 KapTsl (7 ZOCTaTOUHO SOIIBINOe
qrcy10). 3puTens GepeT cebe OOHY KapTy, MOCTE Uero JeMNT OCTABIIYIOCA KOJNOIY HAa IBe TOJOBHHBI O 7 KapT U JaeT
uX IBYM (POKYCHHUKAM. Docie 5TOro (POKYCHUKH HE COBEIMAACEH, M3YYAIOT CBOM KaPTHl M KaXK B U3 HUX HAET TPETHEMY
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dokycHUKY cTOnKy w3 6 ymopamodeHHBIX KapT. Tperwii (GOKYCHUK MOJIZKEH ONPENESHTh, KAKyIO KapTy B3#A1 3PUTENTh.
Kak mokasarh 10T doryc?

2. 64 xybuka cioXKuIN B Bule KBagpara 8 X 8. MoxHO jm ux CJI0XKATEH B Bule Kyba 4 x 4 X 4 Tak, 9100b Kybukn,
KOTOPBIE MMeSH OOIIY0 TpaHb B IEPBOM CJIydae, UMeJH ODIYo T'PaHb U BO BTOPOM ciydae’

3. Da yamax KJIeTYaroll ceTKe YeThIpe Ky3HEUNKa MrpafoT B dexapay (KaikKIBIM XOIOM OIUH W3 HUX CHMMETPHIHO
OTpakKaeTCA OT KAKOTO-TO 3 TPEX JIPYINX). DepBoHAYAIBHO OHE paciiiokensl B y3nax (0,0), (0,1), (1,0), (1,1). Moryr
JI OHM Yepe3 HeCKOJIbKO X0moB oKasaThes B ysiax (0,0), (1,1), (3,0), (2,-1)?

4. Da nocKe HAMCAHO HATYPAJBHOE YHCIIO. JaspeliaeTca IpubaBaATh K HeMy o060l ero HaTypabHBI JeanTens (B
TOM 9UNCJIE EIUHAUILY WM CAMO YHCJIO) U Pe3ybTaT 3alichiBaTh Ha JOCKY BMECTO HCXOIHOTO YHCIa. Kakoe HanMeHbIIee
YUCJIO TAKUX OMEPAINii JOCTATOYHO HJIA TOTO, 9TOOKI U3 JO0r0 MEPBOHAYAIBHOTO YHCIA MOZKHO OBIIIO TOJYYUTE HUCIIO,
kpatHoe 6837

5. Maubl os0oKATEIBHOE OTINYHOe 0T | qucio x u uncyo a € (0, 1). JokaxnTe HEPABEHCTBO 11__x: < (1+z)oL

6. JlaHBI BellleCTBeHHBIE YNCJA dg,dq,...,d2n. VI3BECTHO, 4TO miid Ji06Oro k BBHIIOJHEHO HEPABEHCTBO df >
%. Hokaxure, 94TO cpenHee apupMeTHIECKOe UUCETT ¢ HEYETHBIME HOMepamu 0OoJjblie Jub0 paBHA CPETHETO
APUMETHYIECKOTO UUCEST C YeTHBIMI HOMEDAMU.

7. Kacarenbunsie B Toukax A u B okpyuOCcTH 57 nepecekatorcsa B Touke . Toukn C' u D — cepenunst OA u OB
COOTBETCTBEHHO. Da orpeske C'D Bribpansr Touku X u Y. Dpamere ZX u ZY KacaoTcda OKPYKHOCTH S, MPUIEM TOYKA

7 nexut BayTpu yria AOB. okaxwure, 94T0 ecin 4eThipexyroidbHuk QX 7Y — BBIMYKJIBINA, TO OH — ONUCAHHBIN.

Cepusa 10, ¢ mpogomkennemMm apudpMeTudIecKuX CIOXKETOB.

1. a) Hemnaa apobb o = [ag;d1,ag, ..., 0n_1,dp] — CUMMEMPUUECKAR, €CITH A = an_j Tpu 0 < k < n. Tokaxmure,
aro mpu n = 2k P, = Py_1(Py + Pr2), Qn = QrProt1 + Qr1Pr—s, ampun = 2k+1 P, = P2+ P2, Q, =
PrQr + Pro1Qu-1.

6) Dycrh p = 4n 4+ 1 — mpoctoe dncao. JoKamkuTe, 9TO CPETH YHCEN
CUMMETPHYECKYTO HETTPEPBIBHYIO IPOOh.

B) (I'JIx.C.CMuT, mOKa3aTeIbCTBO POXKAECTBEHCKON Teopembl Pepma). Horamknute, 910 (B yCJIOBUAX I.T)) P €CTh
CyMMa JBYX KBaJpaToB.

2. MBI ckazKeM, 9TO JefiCTBUTENBHOE (v PACKJIAIbIBAeTCA B OECKOHEYHYIO HMeNHYy 0 Ipobh

1

p p
y §» -+ s 5, €CTh YHCIIO, pasjaraionieecs B

P
2 2n

[ao§01,02,~~~] =ap+ a +

1
a2+%
eCJTM OHO ABJIAETCH MPEIETIOM ee MOIXONANHX Apobeii.

a) JTokakuTe, 9T0 TPH JIOOBX d 9TOT HPEIEN CYNIECTBYET.

6) Horazxknte, 970 JT060€ NPPAMOHATIBHOE TUCTIO €MNHCTBEHHBIM 00Pa30M PACKIAIbBAETCA B GECKOHETHYIO MEMHY O
JIpobb.

B) [JokasKknTe, 4TO TepHoaMYecKad MemHadz Apodb (T.e. ApOOH, JIEMEHTHI G KOTOPOW MepHOTUYIHBI, HAUNHAL C
HEKOTOPOTO MecTa) ABIAETCA KBAAPATHIHON HPPANNOHAIBHOCTHIO.

3. YMHOKeHWE BCEX 3JEMEHTOB MPUBEIEHHON CHCTEMBI BBIYETOB MO MTPOCTOMY MOIYJIIO p Ha BBeT a Z 0 (modp)
POM3BOANT B HeEll epecTaHoBKY.

a) JToKakuTe, 9T0 €CIM ¢ — KBAAPATHIHBI BBIYET 1O MOLYJIO P, TO HOJIYyUHBIIAACA MOACTAHOBKA YeTHA.

6) HokaxuTe, 9T0 €CIM @ — KBAAPATHIHBIl HEBBIYET 110 MOLYJIIO P, TO OHA HEYETHA.

4. (Durtm, Danr) a) JJokaxkuTe, 9TO €CJIU HOCIEIOBATENBHOCTH Gy = [na] u b, = [nF], n € N, He nepecekascs,

MOKPBIBAIOT BECH HATYPAJIBHBIN DAL, TO o U [ WPPAIMOHAIBHBL 1 % + % =1.

6) JokaxuTe, 9TO ecin « U (3 HPPAHOHATIBHBL 1 % + % = 1, To nocsenoBaTeNbHOCTH 4y = [na] u b, = [nf], n € N,
He MepeceKasch, TTOKPBIBAIOT BECh HATYPAJBHBIN pAIL.

5. HNanbt aucia n, k € N, n > k. JlokaxuTe, 9To Toboe HaTypaabHOe 9icyIo, MeHblree CF | eTMHCTBEHHBIM 06pasoM
MpeACcTaBIAETCA B BUJIE C’;l + C’i 4+...4Ck e 0 <ap<as<...<ap < n.

ag’

6. Cymectbyer mu A C N Takoe, ato mas ¢ € N cymectBytoT z,y € A Takme, 4T0 ¢ = % TOTAAa M TOJBKO TOTHA,
Korma ¢ € A7

7. 9ycthb a,b,c,d > 0. JlokaxkuTe HEPpaBEHCTBO Z_I__s + S-T—ccl + fl;g + Z;Z > 0.

8. a) BemecTpennble uucia a, b, r,y yaosnersopsior pasenctBam (a + b)(z +y) = 1 u (¢? + b?)(z? + y?) = 1.

Hoxrazxknure, aro ar+by > 0.  6) BemecrBennsie uncia a, b, ¢, &, y, z yIOBIETBOPAIOT paBeHcTBaM (a+b+¢)(x+y+2) =3
u (a? 4+ 0% + ?)(2? + y* + 2?) = 4. lokaxure, uto ax + by + ¢z > 0.

9. B gersipexyrosnbuauke ABC' D pacnosIoKeHBI IBE OKPYKHOCTH paanycoB Ry u Ry, Kacamouiuecsa BHENTHEM 0Opa30M.
YepBasd OKpyXKHOCTH Kacaerca ctopod DA, AB u BC, npudem croporst AB B Touke . Bropas okpyKHOCTH KacaeTca
cropor BC, CU'D u DA, npudem croponst C'D B Touke F. [lmaronasum 4eTBIpeXyroJbHUKA MepecekatoTca B Todre (.

Hoxrazxknure, uro OF + OF < 2(R1 4+ Ra2).
Cepust 11, sk30THYeCcKAas.

1. a) Jokaskure, 9T0 Bee GeCKOHEUHBIE B 00€ CTOPOHBI apndMeTHIeCKNe TPOIPECCHN ABIAOTCA 6as0ll HeKOTOpO#
TOIIOJIOTUH Ha, 7.

6) Dycrs p — mpoctoe wnucso. okaxure, uro MEOXKecTBo A, = {...,—2p,—p,0,p,2p, ...} ONHOBpEMEHHO OTKPEITO
W 3aMKHYTO.



B) DPEAIOTIOKIM, ITO MHOKECTBO MPOCTHIX YHCeN KOHeHO. JJoKamuTe, 910 MHOKeCTBO {—1, 1} OTKpPHITO.

r) BeiBemnTe 0TCIONA, UTO MHOKECTBO IPOCTBIX YHCEN OECKOHETHO.

2. CymecTByeT JIn TaKoe METPUIECKOe MPOCTPAHCTBO M JBa TAKWX LIapa B HEM, UTO IIap OOJBIIETO Pagnyca Comep-
JKUTCA B IIape MEHBIIEro paguyca W He COBHNAJaeT ¢ HAM?

3. MHOKeCTBO BCEX HATYPAJNBHBIX UHCE] ABIACTCHA 0ObeNNHEHNEM JABYX Helepecekaromunxca noamuoxects { f(1),
f(2), .., f(n),.. .}, {g(1), 9(2), ..., g(n), .. }ytme f(I) < f(2) < ...< f(n) < .., g(1) < g(2) < ...<g(n) < ...m
g(n) = f(f(n)) + 1 nna scex n > 1. Oupenenure f(240).

4. Hokazxkure, 4To AJIdA Joboro sHadeHuda n € IN uMeeT MeCTO OLEHKa {n\/i} > 1/(271\/5), npuyeM AJid Ja0b0ro
£ > 0 maiigercsa ancio n € N, ynosnerpopsamomee HepasercTsy {nyv/2} < (1 + ¢)/(2nv/2).

5. CyuecTByeT Jin Takoe 4ucyo h, 9To HU JIJIA KAKOTO HATypasbHoro n aucio [h-1969"] ne nenmutcs na [h-19697 17

6. DycTh a1, as, ..., a, > 0. Hokaxure HEPABEHCTBO
1 2 n 1 1.
a) E—i— a14az +...+ ar+...+an <4(E+"'+ Z)’

i+ 2ot <2 (R L

7. Da croponax AB u BC' tpeyronasauka ABC' B3aTh coorBeTcTBenHO Touku C1 u Ay Touku M u My — cepenmubl
orpeskoB AC m A;( coorBercTBeHHO. DpAmas BM mnepecekaer OoNMMCAHHYIO OKPYZXKHOCTH TpeyroibHuka Ay BCi B
Touke K7, a mpamaa BM; — ommcannyio okpyxHOCTH Tpeyronbuuka ABC B Touke K. CaMu onucaHHble OKPYKHOCTH
nepecekatorca B Touke P, a npameie A1C7 m AC' — B touke T'. Hokaxute, aro Touku M, My, K, Ky, P u T nexar na
OIIHOM OKPYKHOCTH.

8. Bce rpanm BRIMYKJIOTO MHOTOTPAHHUKA — TPEYTOJIBHUKE, MTPUIEM W3 KaXKJIOH BEPUIMHBI BBIXOIWT HE MeHee b
pebep u HeT ABYX CMEIKHBIX BepInuH crenenn b. JlokakuTe, 9T0 y 5TOr0 MHOTOI'PAHHUKA €CTh IPaHb, U3 BEPUIMH KOTOPO
BBIXOIUT COOTBETCTBEHHO 5, 6 m 6 pebep.

9. Oycrs L(ay, s, ..., d5) — 9TO KOIMIECTBO CIOCOBOB PAcCTaBUTh B TabJIUIE M X N @1 €INHUI, dg JBOEK, ...,
aj gucen k Tax, 9ToOBI YucIa B JOOOM CTOJDIE CBEPXY BHU3 CTPOTO BO3PACTAJM, a B JIOOOH CTPOKE — CJIeBa HAIPABO
HecTporo Bospactaiu. [lokaxurTe, 4To 3Ha4YeHre [ HE 3aBUCHT OT MOPAIKA aAPTYMEHTOB.

Cepusa 12. 3anoanenune npobeioB U 3CTETUIECKUN B3PHIB.

1. KakoMy yCJIOBHIO JIOJIZKHBL YIOBIETBOPATE MEJIOUNCTIEHHBIE BEKTOPHI #(a, b) n ¥(c, d) gy Toro, 4T06B TOPOK IEH-
Hag uMu peutetka A = {mi + n¥ | m,n € Z} BrioYaga Bee MeJOYUCIEHHBIE BEKTODbI?

2. (E.-M1.3010TapeB) DYCTh p U ¢ — pa3INIHbIE HEYETHBIE TPOCTHIE THCTa. DaceMoTpnM MHOKecTBa S = {0,1,. .., pg—
1} u T ={(a,b)|0 < a<p,0<b<q}. Cormacuo kurafickoit Teopeme 06 ocrarkax otobpamxenue ¢ — (¢ mod p, ¢ mod ¢)
3a/aeT B3aUMHO-OTHO3HAYHOE COOTBETCTBIE MeXKIy S u 1.

a) DalinnTe 4€THOCTH OACTAHOBKN MHOKecTBa T, mepeBonauieii (a, b) B (a+pb mod p, a+pb mod ¢), u noncranoBKn,
nepesogsAmieit (a,b) B (¢a + b mod p, ga 4+ b mod ¢).

6) DalinnTe YETHOCTD MOICTAHOBKN MHOKECTBA S, mepeBouauieii a + pb B ga + b.

B) BeiBennTe 13 MyHKTOB &) 1 6) KBaApaTHIHBIN 3aKOH B3aNMHOCTI.

3. a) CymecTByer m Takoe MHOKecTBO M C R, uro Bee muoKectBa M, cl M, int M, clint M pasnuamner?

6) CymecTByer m Takoe MHOKecTBO M C R, uro Bee MuoKecTBa M, cl M| int M, int cl M pasmnans?

B) CymecTByer i Takoe MHOKecTBO M C R, uro Bece MuoKecTBa M, cl M| int M, clint M, intcl M pasnuaner?

r) Hokazxkure, aro clint clint M = clint M.

1) Kakoe Hanbobliee KOTHIECTBO MHOKECTB MOKET OBITH MOJIYYEHO I3 OJHOTO MHOKECTBA TPHMEHEHNEM OTlepaITuit
cl mint?

4. Oupenenenne. Pad @apes @, — mocaenoBaTeIbHOCTh PACTIONIOKEHHBIX IO BO3PACTAHUIO HECOKPATUMBIX Apobeii
7c0<agbgn.

Meduarnma npobeit % u % — 1pobb Z-I-I——g'

a) Hokaxwure, uro pan $, momydaerca us paga P, BCTaBKON MEIMAHT MeKIY COCETHUMU APOGAMU ¢ CyMMOM
3HaMeHaresell n.

6) Hoxaxkure, 4T0 A1 ABYX Apobeil § U §, CTOAIMX pAaoM B KakoM-uubyab pany Paped, |ad — be| = 1.

5. B mkose m3ydaiorca 2n OpeaMeToB, a YICHUKH TOJIYIalOT TOJBKO ABOMKN U TPOUKM. DWKaKume IBa yIeHUKA He
y4garca ONMHAKOBO, M HU PO KAKUX IBYX YUEHMKOB HEJB3A CKAa3aTh, YTO OMMH yUUTCA Jydire apyroro. JlokaxwnTe, 910
KOJINIEeCTBO yIEHUKOB He npesocxonut CF, .

6. 3 Bepiunn mpaBuibHOro 35-yronpunka otMetnan  a) 9;  6) 8. JJokamuTe, 4TO KAKHE-TO YeTHIPE U3 OTMEYEH-
HBIX BEPIIHH 06Pa3yIOT TPAMOYTOJIBHUK UJIHA TPATEIHIO.

7. B kjacce MOpPOBHY MAaJIbYMKOB U JIeBodeK. KaxKIbiii MaabunK OPYXKHUT C Y€THBIM YUCIOM AeBoduek. [loxakure,
9TO MOZXKHO BBIOpATh HECKOJBKO MAJILYMKOB TaK, 4TOOBI Ka)KJad AeBOYKA JPYIKUJIA C YETHBIM UYHCJIOM BBIODAHHBIX
MAaJIbYUKOB.

8. Han Tpeyromsauk ABC. B mem H — Todka mepecedeHusa BHICOT, | — MEHTp BUHUCAHHOW OKpykKHOCTH, O — MEHTD
ommcaHHOll OKpysKHOCTH, K — TOYKa KacaHWA BIHCAHHON OKpyHOCTH co ctopoHoli BC. WseectHo, uro [0 || BC.
Hoxazxnre, uro AO || HK.

Cepust 13, ¢ BbIE3TOM B TOPOLT,

1. (Oupuxie) DycTh « — BelllecTBeHHOE, a N — HATypaJbHOe 4dncio. JoKakuTe, UTO CYUIECTBYIOT TaKHe IeJsble
quciaa p, ¢, 0 < ¢ < N, 1 KOTOpBIX o — f]—’| < Niq.



2. Dycth n > 2 — HaTypadbHoe uucyo. [okaxuTe, 9To ecau uucyaa kZ + k 4+ n — mpocThie 1A KajkIoro mesoro k,
0 < k< +/n/3, 1o uncna k? + k + n — mpocrele as Kaxmaoro nenoro k, 0 < k< n — 2.

3. Ksanparuunas dopma f(r,y) = [a,b,¢] = ax? + bry + cy? — neonpedeaennas, ecmu D = b* — dac > 0. Kopnu
Takoit popMbI — 9TO UnCcaa ) = %ﬁ nw= %.

Dopma f — npusedennas, ecnu | Q> 1, |w |[< 1, Qw < 0.

a) Kak cBasansl Mex Iy coboil KOpHN SKBUBAJEHTHBIX (bopm?

IpeobpasoBanne (yauMmonyiaapuoe) ¢ =Y, y = —X + kY nepesoaut dopmy f = [a,b,a1] B dopmy ¢ = [a1, b1, az],
B KoTopofi by = —b — 2ka; (a az oTwimieTca camo). B sroit curyamun dopma g — cocednas k [ enpasa, a f — cocednan x
g caceaq.

6) Hokamxmure, 4to mobad dbopma [a, b, ¢] muckpuvunanTa D sksuBajeHTHA dopme [a, b, c], y KoTopoii | a |< v/ D/3.

B) Hokaxure, 410 obad GopMa sKBUBAJEHTHA TIPHBEIEHHO.

r) Jna xaxmoit npuBeneHHO GopMBI MOJKHO HAWTH EIHHCTBEHHYIO IPUBEAEHHYIO (DOPMY, COCENHIOI K Hell cnpaBsa,
U eIUHCTBEHHYIO MPUBEIEHHYIO POPMY, COCEMHION K HEll cjeBa. DocTpouM TaKuM obpa3zoM JJis JaHHOW MPUBEICHHOR
dopMBI cocenHIOo K Hell cipaBa, MOTOM — ciiefyonyio u 1.7. Kak Bel gymaere, deM Bce 9TO KOHUUTCS T

1) JTokaxkuTe, 9T0 CYIIECTBET JINIb KOHETHOE THCIIO IPUBEAEHHBIX (bOPM JTaHHOTO ompementend D.

4. a) Kak mspectro, e” = 1 + & + g—? + ... (gcrarn, mouemy?) Horamnure, uto e’ = lim (1 + %)n

6) JlokaxuTe, 4To €¥ WppammOHATLHO MPH BeeX HATYDATLHBIX k.

5. Jlokaxure, 910 ecaiu quciaa m,n € N yIoBIeTBOPAIOT HepaBeHCTBY /7 — m/n >0, To VT — m/n > 1/mn.

6. Da moske B beciopanke paccraBiero 100-tromuoe cobpanme counuennit J1.9. TomcToro. Daspenraerca MOMHATE
MecTaMu JIIOOBIE ABa TOMa PasHOH YeTHOCTH. 3a KaKoe HauMeHbIlee UHCJIO TAaKUX Olepaluil TapaHTHPOBAHO MOYKHO
paccTaBUThL TOMA MO MOPAIKY !

7. Oycrb M — mpomsBosibHasg TOUKa BHYTpH Tpeyroibauka ABC. Dpavasn £, coequHseT OCHOBAHU MEPIEH UK Y-
JsApoB u3 Touku M Ha ctopony BC u Ha BBICOTY W3 TOUKH A, aHAJOTUIHO onpenesaorcsa npsambie £, u f.. lokaxure,
YTO STH TPHU NPIMbIE KOHKYDPEHTHBHI.

8. Cepenunnble neprneHauKynapbl K croponam AB u BC tpeyronsimka ABC mepecekator mpameie BC' u AB
B Toukax A; m () coorBercTBenHo. DuccexTpuch yriaos A1 AC m C1CA mepecekarorca B Touke B’. Amajormano
onpenenstorca Toukn A’ m C’. Hokaxmre, uto Toukm A’, B’, C’' ymexar Ha omHOii mpAMOii, MpoxoasAmeii Yepes meHTp
BIIUCAHHOW OKPYKHOCTH TPEYTOIbHUKA.

9. Dycrb a,b, ¢ > 0. Hokaxure HEPABEHCTBO

200+ 1)(B> + 1)(e® + 1) = (a+ 1)(b+ 1)(c + 1)(abe + 1).

Cepust 14, 6e3 MOMIIyHKTOB

1. Dpn xkakux n € N MOKHO paccCTaBUTBH 1O KPYTY 9HCIA d1,ds, ..., d4n, HE BCE DaBHBIE HYJIO TaK, YTOOBI IJIdA
aoboro k < n cymMma k MOApA CTOAIIMX YHCEs, HAUWHAA C Ak, PABHAIACH HYJIO?

2. B ranabosbHOM TYpHHpPE B OOWH KpYT (KarkJad KOMaHma chirpasa ¢ KayKIofl POBHO OOWH pas, 3a mobemy daroT
2 ouka, 3a HHYBIO — |, 3a mopaxenne — 0) mpuHaAgo yuactue 16 Komana. Bce KomMaHnbl HaOpain pasHoe KOJMIECTBO
OYKOB, MpUYEM KOMAaH[Ia, 3aHABIIAA cebMoee MecTo, Habpasa 21 ouko. [lokaxkure, 9To mobennTesb XoTa OBl OIUH pa3
CHITPAJT BHUYBIO.

3. Hokaxwure, 9To mpu k > 2 quciio 22°=1 _ 9k _ 1 _ cocrasmoe.

4. B rearpanbaoM decTuBase ydactBoBaiau 111 rtearpanabbix Tpynm. Kaxkawlil meHb HEKOTODPBIE TPYNNBI BHICTY-
Hajn, a OcTaJbHBble OB 3PUTENAMH. DDH 9TOM KakAad TpyNha Buiesaa (6yAydnm 3pHTENAME) BBICTYIUIEHHA BCEX
ocTaJbHBIX Tpymn. Kakoe HamMeHblilee 9UCJIO THEH MOT MPOIOIKATHCA (PECTUBAID T

5. IlBe OKPYKHOCTH KacalTcd B TOYKe P. JpsAMad KacaeTcd ONHON W3 HUX B ToUKe A m mepecekaer Apyryio
OKpyXKHOCTH B Toukax B u C. Jlokaxure, uro npamad PA genut momosam yroa mexay PB u PC.

6. Dycrw a,b, ¢, d > 0. [lokaxure, 910

a+ b a+b a b b
c+d S ¢ d

|

7. Daiinure Haubosbiree sHavenue m> + n? 17s Beex nap HarypasibHbix m, n < 2004, yIOBIETBOPSIONEX YCIOBUIO
|m? —mn —n?|=1.

Cepust 15, ¢ HOBBIIIEHHON KOHIIEHTpaInueid apudmeTukn

1. Hokaxure, aro dynkmus a) f(x) = cosx + cos(v/2x), 6) f(x) = sinx 4 sin(v/2z), B) f(x) = sinx + cos(v/2x) —
HENMepUOANIECKAL.

2. Myznpoe pyKOBOACTBO HAHAIO HAJCMOTPIINKA JJIf JeTell U MOJOXKIIO €My 3apIUIaTy \/2 p. B I€Hb. DOCKOIBKY
H6aHKHOTBI TaKOro JOCTOMHCTBA ellle He BBIIYCKaIOTCH, MYIpoe PYKOBOACTBO KaiKIBIl IeHb IJIATHT HaACMOTPIIUKY 1
nan 2 pybJs Tak, 9TO KaKIBI JIeHb cyMMa, IOJIy9eHHasd HaJCMOTPLUIMKOM 3a BCE BpEMA €ro paboThl OTANYAeTCA OT
HOJIOKeHHOM MeHee, 9eM Ha py6/b. JoKaxKuTe, 94To MOCAEI0BAaTEILHOCTD BBILIAT HEIEPHOANIHA.

3. (Jlemma Ty»*). Dycrs n > 1 — HarypanbHoe uncio. Torna mid KamIoro HATyPaJbHOTO ¢, B3aHMHO MPOCTOTO ¢
7, CYMECTBYIOT TaKnme HATYpaJbHbe T < /N, ¥y < /7, 910 ay = +x (mod n).
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4. Daiimure Bce dyuxmun f:(0,00) = (0, 00), ynonerBopsioine yciaopuam f(z+1) = f(x)+1u f (f(lx)) = % npn

BCEX MOJIOKUTENbHBIX .
5. Jlokaxure, uTo ecsu ypaHenue x> — 2y? = n, n € N, paspemmmo B MeJIbIX YUCJaX, TO CYUIECTBYET ero pelieHue,
s Kotoporo 0 < & < 24/n.
6. (Bamen) a) [HokazuTe, 9TO XOTA GBI OJIHA W3 OBYX IIOCIEAOBATENBHBLIX MOAXOAANINX Apobeil K TuCIy o yIOBIe-

TBOpAET HEPABEHCTBY % — oz‘ < ﬁ

P

6) Hokaxure, 910 ecan |& —
q

< #, TO f]—’ — momxopdAiiaa apodb K «.

7. B tpeyronvauke ABC nposenu 6uccektpucy BK u Beicoty C'D, a B Tpeyronbuuke BK (' — Boicory K L. Dpsa-
mete BK u C'D nepecekarorca B Touke M, a mpambie KL uw C'D — B Touke N. OuncanHas OKPYKHOCTH TPEYTOJBHUKA
BK N BropmuHo mepecekaeT npamyio AB B Touke P. [lokaxure, aTo Tpeyroabunk K PM paBHOOEIpEHHBII.

8. Oxpyxuoctu S1, Ss u S3 mepecekaiorca B Touke A. Kpome Toro, mepBbie ABe OKPYZKHOCTH ITEPECEKAIOTCA B
Touke B, mepBad u Tperha — B Touke (', a Bropad u TpeThsa — B Touke ). KacaresnbHble K OKpPYyIKHOCTH S; B ToUKe B
u K OKpyzKHOCTH S3 B Touke (' mepecekaloTcda Ha OKpyzZKHOCTH S1. JlokazuTe, 9To KacaTeJbHBIE K OKDPYIKHOCTH Sz B
Touke [ u K OKpyKHOCTH 51 B Touke (' mepecekaioTca Ha OKPYZKHOCTH S3.

9. 9yetb a,b,¢,d > 0. Jokaxure, 4TO

a—>b n b—c n c—d n d—a S
a+2b+c b4+2c+d c+2d+a d+2a+b7

Mat6oii. Crapiitast mHOTOpOoaHsisi rpynmna — Ilynurtkun, Kanunun, Xpucrodopos
24 aBrycta 2006 r.

1. P(z) = 2" 4+ ap_12" "t + ...+ ajz + 1 — MHOTOUJIEH C IEJBIMI HEOTPUTIATENLHBIME KoaduIInenTaMu Takoil, 4To
ap = ap—j upu 1 < k < n—1. doxkaxnTe, 4TO CYHECTBYIOT HECKOHEYHO MHOTO Iap HATYpPaJbHBIX YHCEN & U Y, IJIA
KOTOpHIX P(z) menutca Ha y w P(y) menmrcs Ha x.

2. Dafimure Bce byukmuu f : N — R, ymoBiaeTBopAONAe MPH BCEX HATYPAJBHBIX &, y U z HepaBeHcTBY f(2y) +
F(@2) > () Flyz) + 1.

3. Kakoe mambosibillee KOJIHMYIECTBO TOUYEK MOYKHO MOMECTHTH B MPABUJIBHBIN IECTHYTOJBHUK CO CTOpOHON | Tak,
9TOBBl PACCTOAHNE MEZKIY JIIOOBIMI IBYMA GBLIO He MeHbIIe /27

4. B nenTpe Kaxmoll KJIeTKH OeCKOHEUHOW KiIeTdaToll MIOCKOCTH CTOUT HAaK ¢ MEBIM HEOTPUIATETBHBIM THCIIOM
suTpoB Gensuna. OgHOTO JUTpa XBaTaeT Ha MPOE3[ B IEHTP cocenueil KiaeTkn. M3BecTtHo, uTo B mobom kBagpare 10 x 10
cymmaphuo comepxkuTca He menee 100 a1 6ensmua. IokaxwuTe, 9T0o Halimerca KJeTKa, W3 MEHTpa KOTOpoil MmalmHa ¢
MyCTBHIM HAKOM MOZXKeT JOeXaTh M0 MeHTpa Jobol Apyroil KIeTKd.

5. Da pebpax TeTpasipa MPOW3BOJIBHBIM 00pa3oM BBIOpaJn 1Mo oaHol Touke. [Ia KaKmoit W3 BEPIIUH TeTpasiapa
Jepes Hee W TPHU BHIOpAHHBIE TOYKH, JeZKalllde Ha BBIXOIAININX W3 TON BepuimHbl pebpax, mposein cdepy. Hokaxmure,
9TO TMOJIYIUBIINECH deThIPE ChePhl MEPECEKAIOTCH B OMHON TOYKE.

6. Da MIOCKOCTU JaHBl N MPAMOYTOJBHUKOB C HaPAJIIETBHBIME COOTBETCTBEHHBIMU CTOPOHAME, MPUYEM HUKAKUE
JIBE CTOPOHBI He JIeKAT Ha OMHON mpamMoii. ['paHUIEl >TUX TPAMOYTOJIBHUKOB JMEJAT MJIOCKOCTH HA O0JIACTH. Da30BeM
obtacTh 6axcHOU, €CaU Ha ee TPAHWIE JIEKHUT XOTA OBl OJHA W3 BEPIINH TPAMOYTOJIBHWKOB. [lokaikmTe, 4TO cyMma
KOJUYIECTB BEPIIUH BCEX BaiKHBIX obiiacTeil Merblie 40n.

7. DoJI0KUTENbHBIE TUCIA dg, A1, . . ., dy YOOBIAETBOPAOT mp 1 < & < n — 1 yenosuto a;_1a;41 < a?. lokaxure,
97O
ag+...+a, a1+...+a,_1 S ag+...+ap_1 a1+ ...+a,
n+1 n—1 i n n '

8. B TpeyronabHEWKe IEHTP ONUCAHHON OKPYMKHOCTH M OPTOIEHTD JIeKaT Ha BIUCAaHHON okpyxkuocTH. [lokaxure,
YTO OJIMH W3 YIJIOB TpeyroJbHUKa paBeH 60°.

9. DocaenoBarenbroctu {a, t u {b,}, n=0,1,2, ... obnanator caegyioumm cBolictBoM: ag = 0, by = 1 1 npu J1106bIX
kwl aucna agq; — apby — arby w bpqy — brby + aga; nenarca wa 239. IokamkuTe, 94TO aaq0 Jenurcs Ha 239.

10. B ctpane 2000 ropomos, u3 KaxKIOr0o W3 KOTOPHIX BEIyT POBHO TPHW AOPOTH B Apyrue ropoma. [lokaxmuTe, 9TO
MOKHO 3aKpbITh 1000 opor Tak, 9T06BI B CTpaHe He OCTAJIOCh HH OJTHOTO 3aMKYTOTO MapUIPYyTa, COCTOAINIETO U3 HEYETHOTO
qUCIIa JTOPOT.

Mat6oiit BHyTpHu cTapuieit rpymnnel 1-2, 24 asrycrta 2006 r.

1. Han muorousien P(z) = 2" +aj2" "t +az2"~?+.. 4@, ¢ neasimu kosdpdunnentamu. [TokakuTe, 4T0 CylIECTBYET
MHOTOWIEH () ¢ menpMu KosdduimenTamn Takoit, aro P(z)Q () nMeeT poBHO IBa HEUETHHIX Koa(buimenTa.

2. Dafimure Bce byukmuu f : N — R, ymoBiaeTBopAONAe MPH BCEX HATYPAJBHBIX &, y U z HepaBeHcTBY f(2y) +
faz) > Fla)flys) + 1.

3. Oyery A1 As .. A, — BRINYyKABIHE MHOroyrosbauk, n > 4. Hokamxwute, uro A;As... A, — BUOUCAHHBI} TOTHA U
TOJIBKO TOLTa, KoUa KarKIol BepinHe A; MOKHO comocTaBuTh mapy (b;,c;) DelcTBHTEIBHBIX dHcel Tak, 410 A;A; =
|bje; — bic;| mma Beex i, j, 1 <i<j<n.

4. Da gyerdaTolf 1ocke b X b IBa WUrpoKa MO OYEPEIN CTABAT YUCIa B IMYCThIe KJIETKH: MepPBhIil — eAMHUITBI, BTOPOL
— myau. KaXapiM XoIoM CTABUTCS OJHO HUHCJIO, MOKa He OyIeT 3amojHeHa BCA JOCKA. DOcye 3TOro s KaixKIoro
KBajgpaTta 3 X 3 MOACYUTHIBACTCS CyMMa duces B ero Kiaertkax. OfosnadnM depes HAuGOIBIIYIO W3 STUX CYMM. 2epBBIi
UTPOK CTPEMUTCI K TOMY, 9TODBI CTAJI0 Kak MOXHO Hosbine. Kakoe Haubosbilee 3HaAYEHNE OH MOKET TapaHTHPOBATH !
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5. DaockocTh « Kacaerca cepsl, onucanuoit okosio terpasapa ABC D, B Touke A. JlokazxuTe, 9T0 JWHUH TIepe-
ceuenns minockocteil rpaneit ABC, ACD u ABD ¢ MIOCKOCTBIO v IEJIAT €€ Ha NIECTh PABHBIX YIVIOB TOTMA U TOJBKO
Torma, korma AB -CD = AC - BD = AD - BC.

6. MoxkHO /M pacKpacHTh MHOXKECTBO HATYPAJbHBIX 4YHCeN B § IBETOB TakK, 9TOOBI CyMMa JIIOOBIX TMATH THUCEST
Pa3HBIX BETOB OBLJIA YUCIIOM IIECTOTO IBETAT

7. DoJI0KUTENbHBIE TUCIA dg, A1, . . ., dy YOOBIAETBOPAOT mp 1 < & < n — 1 yenosuto a;_1a;41 < a?. lokaxure,
910

ag+ ...+ ay, .al—i—...—l—an_l >a0—|—...—|—an_1.a1—|—...—|—an

n+1 n—1 - n n

8. B TpeyronabHEWKe IEHTP ONUCAHHON OKPYMKHOCTH M OPTOIEHTD JIeKaT Ha BIUCAaHHON okpyxkuocTH. [lokaxure,
9TO OIWH W3 YTJIOB TpeyroJibHuKa paseH 60°.

9. DocaenoBarenbroctu {a, t u {b,}, n=0,1,2, ... obnanator caegyioumm cBolictBoM: ag = 0, by = 1 1 npu J1106bIX
kwl aucna agq; — apby — arby w bpqy — brby + aga; nenarca wa 239. IokamkuTe, 94TO aaq0 Jenurcs Ha 239.

10. B ctpane 2000 ropomos, u3 KaxKIOr0o W3 KOTOPHIX BEIyT POBHO TPHW AOPOTH B Apyrue ropoma. [lokaxmuTe, 9TO
MOKHO 3aKpbITh 1000 opor Tak, 9T06BI B CTpaHe He OCTAJIOCh HH OJTHOTO 3aMKYTOTO MapUIPYyTa, COCTOAINIETO U3 HEYETHOTO
qUCIIa JTOPOT.



