BerynurensHast omumnuana. 04.08.2010

1. 3a KpyIJabIM CTOJIOM CHOAT 2n 4esJoBeK: n (PUIWKOB U 1 XAMUKOB, IPUYEM HEKOTOPHBIE W3 HUX BCETIA TOBOPAT
mpaBiy, & OcTaJbHBIE Beerga JTYT. 3BecTHO, 9TO KOIUYIECTBO XUMUKOB-JIZKEIOB PABHO KOJHUYIECTBY (DI3UKOB-JIZKEIOB.
Pa Bompoc: “Kto Barr cocen cipapa?’ Bce CHOAIIRE 3a CTOJOM OTBeTHAN: “XuMuk”’ . [JokaxmuTe, ITO N IeTHO.

2. Kakoe maubosibiiiee 3Ha9€HTE MOXKET UMETH PA3HOCTH apudMETHIECKON MPOrPeCcCul, CPEIN YIEHOB KOTOPO# eCTh
qHCTIa 11—1, 11—3, 11—77

3. PaccMoTpuM Bce BO3MOKHBIE HAGOPHI YKCes W3 MHOKecTBa {1,2,...,n}, He comepKaliue JABYX COCEIHUX YUCEI.
JokazknTe, 9T0 CyMMa KBaJIpaToB POU3BEIEHUN Ynces B »Tux Habopax pasra (n+ 1)1 — 1.

4. MozkHO Jm KBagpaT paspe3aTh Ha paBHOOEIPEHHBIE TPEYTOJBHUKHA C YTJIOM IPH OCHOBaHU® 7H°7

5. Be okpyxuoctu ¢ meaTpamu 01 u Oy nepecekarorcsa B Toukax A u B. OKpyKHOCTH, TPOXOAAIIAA IePE3 TOUKH
01, B u Oy nepecekaer BTOpyIo OKPYZKHOCTH Takke u B Touke P. [loxkaxure, aro Touku O, A w P jexar Ha omHOM
HpAMOIL.

6. B aswike maemenn Tpy-ssa-sig ciaoBo — mobad mocimenoBareabHOCTh n3 10 mHyseit u egurmm. CioBa cauTarOTCa
CHHOHUMAMI, €CJIH OJHO MOYKHO TOJIYIUTh W3 APYTOro cepueil CIenyonmux omepalnii: MOXKHO B3ATh HECKOJIBKO MOIPA/T
CTOAMMX MUPP ¢ IETHONW CYMMOI U TOCTABUTH HA TO JKE MECTO B 0OpaTHOM mopaAmake. CKOJBKO B 9TOM A3BIKE PA3THIHBIX
IO CMBICITY CJIOB7

7. Hanm tpeyronsauk ABC'. Cepemunnniii mepnennukyiaap Kk AC mepecekaer cropony BC B Touke D. Ppamas,
napaJsnenbiad AD, nepecekaer cropony AC' B Touke F, a npamyio AB B touke F'. Otpesku BE n AD mepecexarorcs
B Touke (G. Hokamxmure, uto AC — buccektpuca yriaa FCG.

8. k — marypambHoe umcno. PocienoparenbHOCTD {a, } 3amana yegosuamu a; = k + 1,a,41 = a2 — ka, + k npn
Bcex n > 1. [Jokaxkure, 4To JI00bIe IBa PA3/IMYHBIX YeHA 3TOR IMOCTIENI0BATENBHOCTI B3AUMHO MPOCTHI.

Cepus 1: HeuTO cpenHee Mek Ty QYHKIHUOHATIBHBIMA yPABHEHUIMHU U KOMOMHATOPHOU reoMeTpuei.

1. Paiinute Bce dyHKIMN ne0r0 apryMenTa f(X), KOTOpbIe TPH JIOOHIX MEJBIX £ U Y YAOBJETBOPAIOT COOTHOMIEHUIO
f@+y)+ fle—y) = f(32).

2. Cymecrsyer au bynkuus f : R — R, ynosiersopstonas ajs beex * € R nepasenctsy f(z?) — (f(z))? > 1/4 n
He TPUHUMAaIad HIKaKoe 3HadeHne Hojee 4eM B oHOM Touke?

3. Hokaxute, 4ro ecan GyHkimua R — R ynosseTBopseT i Beex «,y € R HepasenctBaM f(z) < 2, f(x +y) <
f(z) + f(y), 1o cupaBenmuBo ToxkaecTBo f(2) =, v € R.

4. Pafinure Bce dyukmmn a) f : 7 — Z, 6) [ : Q@ = Q, ynosaeropsatomue yciaosnio f(1) = 2 u TommecTBy
fley) = f(o)fly) — fle +y) + 1 npu Beex & u y.

5. Orypuosas peka, mporekamoiiad B LIBeTouHoM ropose, B palioHe IPUCTaHW MMEET HECKOJIBKO OCTPOBOB, OOIImi
MePUMETDP KOTOPBIX PaBeH 8 MeTpaM. 3HallKa yTBEPIKIAET, 9TO MOKHO OTIAIATE HA JIOAKE OT IPUCTAHN U TEPEMPABATHCA
Ha Apyroil Geper, TPOIJIBIB MeHee 3 MeTpoB. Pepera pekum B paiioHe MprcTaHW NapaJiIebHBI, a MHAPHHA €€ paBHa | M.
Ppas au 3Bnaitka?

6. B xBagpate co ctoponoii 15 pacmnosoxeno 20 momapHO HelepeceKaloMuXca KBaApPaTUKOB co cToporoit 1. [lo-
KazKuTe, 9T0 B OOJBIIOM KBaJpaTe MOIKHO PasMECTUTh KPYT paamyca | Tak, 9TOOBI OH HE MepeceKkajicda HU C OIHUM W3
KBaIPATUKOB.

7. IlokaxkuTe, 9TO W3 OOUHAKOBBIX IJINTOK, HMEOINX (HOPMY PaBHODEIPEHHBIX Tpaleluili ¢ OCHOBAHMAMEI 3 cM, |
CM U BBICOTOH | cM, HEJIB3A COCTABUTH MPAMOYTOIBHUK.

8. B xkBagpate co croponoit 50 pacnonoxena gomanasa. [lokazuTe, 9T0 eciidm PACCTOAHNE OT JIIOOOH TOUKH KBAIPaTa
XOTs OBl J0 ONHONW TOYKH JIOMaHo#i He HoJiblne 1, To AamHa JoMaHoi bobiie 1248.

Cepus 2: nponoiixkenne GbyHKITMOHAIBHBIX ypaBHeHUU — U apudmMeTnka
n — 10, ecam n > 100,
F(fn+11)), ecm n <
910 i aoboro snadennd n < 100 cnpasennmso pasercTso f(n) = 91.

2. KpampatrHble TpexuiieHbl f U ¢ TakoBel, uTo ecau f(a) € Z, 10 g(a) € Z. JoKaxuTe, 9TO CYUIECTBYIOT TETBIE
qmucaa m u n takne, 9o ¢(x) = mf(x) + n mug Bcex x € R.

1. ®yuxmua [ : Z — R ynoBierBopdaer ycaoBuam f(n) = 100, TPA 7 € 7. Hokaxure,

3. Pycrs f(x) — MHOTOWIEH ¢ BElIeCTBEHHBIMHU KOa(DbdUIMEHTaMI, CTENEHN He MeHee 2. PocrenoBaresibHOCTE
MHOTOWIEHOB ¢gn(2) = f(...f(x)...) TaKoBa, 9T0 ¥y MHOTOYJIEHOB §1, ..., §1o0 BCE KOPDHHU PA3IWIHBI W BENIECTBEHHBI.
N—_——

n

Ob6osHaIUM Uepes ry, cpefiHee apudMeTndecKoe KopHell MHOTOUIeHA ¢y (2). M3BecTHO, uTO 719 = 99. Paiiaure rog.

4. JlokazKuTe, 4TO

a) IpH TPOCTOM p > 2 1—1—%—1—%—1—... ﬁEO (mod p);

6) (reopema Bonbcerenxonbma, 1862) npn mpoctom p >3 1+ % + % 4.+ ﬁ =0 (mod p?).

5. Paiimure Bce mapsl (p,¢) MPOCTHIX YHCes Takwe, 9To dncyo 2P — 1 meqnTcs Ha ¢, M CPEOM TPOCTHIX dennTeseli
qnciaa ¢ — 1 UMelTca TOJBKO uncaa 2, 3, 5 u 7.

6. Paiimure xoT# 6B oy mapy mesex umcedn (,y) Takyio, ato wmesao (z +y)’ — x’ — y’ mesmres ma 77, a umcso
(x 4+ y)xy wHe gemurcs Ha 7.

7. HokamuTe, 9TO HU MPHW KAKOM HATypaJdbHOM n > 1 uncio 2" — 1 He menuTcd HA N.

8. Pa miockocTn seXWT MpaBUJIBHBI BOCBMHUYTOJBHUK cO cTOpoHOR a. Ero paspemaerca ”mepekaTsiBaTh’ IO
IJIOCKOCTH, TIepeBopadnBad (CHAMMETPHIHO OTParkad) OTHOCHTENBHO JII000# cToponsl. [JoKaknTe, 9T 114 JIOOOH TOYKN
IJTOCKOCTH 1 JIF060r0 € > () MOYKHO MePeKaTHTh BOCBbMUYTONBHIK B TAKOE TOJIOZKEHNE, UTO MEHTP €ro OYIeT HaXOMUThCA

oT Toukn M Ha pacCTOAHUU MeHBIIE €.



9. OrMeTuM B HATYyPpaJbHOM pAOEC YUCJIa, KOTOPBIEC MOZKHO IIPEACTAaBAUTHL B BUJIC CYMMBI IBYX KBaJAPaTOB HATYpPaJIbHBIX
HHuCeJI. ,ZLOK&}KI/ITG, YTO Cpear OTMEYCHHBIX YHCEJI BCTPETUTCA OECKOHEYHO MHOIO a) map, 6) TPOEK IIOCJEIOBATCJIBHBIX
HHuCeJI.

Cepust 3: apudMeTuKa, MHOTOUIIEHBI

1. Beruersl a w b npuwHaIIeKAT K MoKa3aTeaaM k 1 [ o TPOCTOMY MOZIYJIIO P.

a) Hokamxure, 910 ecau (k,!{) = 1, To ab npunamiexnT K noKasaTeio kl.

6) BepHo s, uto npu 06X k u | BedeT ab mpuHamIEKNT K oKkasarerio [k, {]7

2. a) Hokaxure, uro 2?1 —1 = (x —1)(x—2)...(x —(p—1)) (mod p) (umeercsa B BUIYy COBNAJEHHE MHOIOUIEHOB
modp, To ecTh TO, YTO COOTBETCTBYIOIIHE KO3 DUITHUEHTR JIeBol U mpaBoli dacteil cpaBHEMBI modp.

6) BeiBenuTe u3 yTBEpKAEHNA M.a) TeopeMy Bunbcona: (p— 1)1 = —1 (mod p) mpu mpocrom p.

3. Hucno 76 obmagaeT cAEIYONINM CBOCTBOM: TOCIENHNE ABe TTHMPHI THCIa 762 = 5776 maioT cHoBa 76.

a) Paiinure Bce TpexsHauHble uncaa A Takue, y KOTOpbix nociennne Tpu nudpsl yncaa A% cocrapisior yucio A.

6) CymectByeT n HecKOHEUHAA MOCTETOBATENBHOCTE UMD dg, a1, Gz, ...TaKad, 9TO A J0GOro n KBagpaT 3a-
[ACBIBAEMOTO MU GHCIIA G Gp—1 - - - G201 Gy OKAHIMBAETCH MHMPAMI ~. . GnGp_1 ... dzd100¢ (OdeBunnble oTBeTH ag = 0

wim 1, a; = 0 mpw ¢ > 1 uckiarogaeM). PpoBennte mosiHOE NCCTIEAOBAHNE.
1

L , 1192...0k
1<ii<ia<... <iggn

BO3MOXKHBIM HabopaMm uucen i < iy < ... <ig, k=1,2 ... n, us mHOKecTBa {1;2;...;n}.

4. ,ZLOK&}KI/ITG, HTO OJdAd KaXKAOM HaTypaJbHOM 7 = n, rge CyMMHUpOBaHHE BEACTCA IIO BCEM

5. (Teopema Jlame.) K HarypaiabHbIM 4nciam ¢ u b, a > b, npuMenserca agropuT™ EBKINIA 1A HAXOKACHUA
HanbOIBIIETO OOIIETO AeIUTENA 5THX dncesi. [[OKazKuTe, 9TO YHCIO AEJEHUR ¢ OCTATKOM HE TPEBOCXOMUT Hp, The p —
KOJUYIECTBO TP B AECATUIHON 3amucy ducsa b.

6. TokaskuTe, 9TO U3 JIOOBIX N YHCET MOXKHO BHIODATh HECKOIBKO (6BITH MOKET, OIHO) TaK, YTO CyMMa BHIODAHHBIX
qHCcesT OTIMIAcTCA OT OinKaliiero K Hell mesoro unca e Hosee, 9eM Ha 1/(n + 1).

7. Pycrb p, ¢ — npocthie yucia, ¢ > 5. Hokaxute, uro ecau ¢|2P + 3P, 10 ¢ > p.

8. Ilpa MHOrO4JIEHA C BEIECTBEHHBIME KO3(DMDUITUEHTAME TPUHIMAIOT TeJIbe 3SHAYEHNA B OJHUX U TEX JKE TOUKAaX.
Hoxaxure, 9r0 b0 WX CyMMa, 1O UX PasHOCTH €CTh KOHCTAHTA.

Cepus 4, ¢ pasHBIMM MHOTOYJICHAMM

1. Ppu Kakux n MHOTOYJIEH 22" 4+ 2™ 4+ 1 pmenwres Ha @2 4+ ¢ 4+ 17

2. HNokaxwure, uro Muorounen (z? — x + 1)1 + (22 4+ z 4+ 1)1°° ne conepxkur HeveTHBIX cTeneneii x.

3. Hokaxute, uto MHOoroueH 42'9%Y 43 Hemb3 4 IpeAcTaBUTE B BUIe CyMMEI KBaIPATOB TPeX MHOTOWICHOB ¢ IeJIBIMI
KOapDUITHEHTAMM.

4. P(x) u Q(z) — MHOTOU/IEHBI ¢ NeficTBUTenbHBIME Koaddunnentamu. UspectHo, uto muorounen P(2?) + 2Q(z?)
nenutes Ha 2 — 1. [Tokaxute, uto P(z) u Q(x) oba nensrcs na r — 1.

5. a, b, ¢, d — marypaababsie dncia, ab = cd.

a) JToKasKuTe, 9TO CYUIECTBYIOT HATypasbHBIE YHCIIA U1, U1, Ug, Uz, AJIA KOTOPHIX G = U1y, b = Usvs, ¢ = ujts,
d= V1V2.

6) Hokaxure, 910 4ncyio « + b+ ¢ + d — cocraBHOe.

6. Jokax)ute TOXKAECTBO

Cc? cl b (o1 oy n!
r+n  zx+)(z+2).. . (z+n)

x r+1

7. MHorowen p ob1agaeT TakuM CBORCTBOM: JIJiA HeKoToporo uncia a p(z) = p(a—=z). Hokaxkure, 9T p() MOKHO

2
OpeacTaBuTh B BUAc MHOIOYJcHa OT (l‘ — %) .

8. HokaxkuTe, 9T0 HU JJIA KaKoro MHoTowsneHa P(z) ¢ mensiMu KosddduineHTaMun He MOTYT HAlTHCh Takue pas-

JIMYIHBIE TeJIble YUCHa L1, L3, . .., £n (N > 3), IJA KOTOPBIX BBIIOJHAINCH OBl paBeHcTBa P(21) = ©q, P(x2) = 3, ...,
P(xn_1) = @, P(xn) = 21.
9. Ppo mosoxurenbusie uucaa a, b, ¢, @, y, z msBecTHo, uT0 @ < b < ¢; a < ¢ < y < z < ¢; abe = =zyz;

a+b+ec=x+4+y+ 2z Hoxaxwure, qtoa=1x,b=y, c=z.

Cepus 5(a), B KOTOPO# NOSIBIISIIOTCSI MHOTOYJIEHBI HECKOJIbKHUX EPEMEHHBIX

n

xr
1. ,ZLOK&}KI/ITG, HTO €CJIN X, Yy U 2 — Ppa3JIMYHbBIC IEJIbIC YUCJa, & N — HEOTPHUIATEJIbHOE IMEJI0€ TYUCJIIO, TO 7(1‘_31)(@‘_2) +
y
(y—=)

Hoxkaxkure, uTo MHOrOWIeH (x + y + 2)33% — 333 — 4333 _ 2333 jnepurca na (z +y+ 2)% — 2% — o3 — 23,

— IIeJioe 4mucCJIO.
=2 T ooy O
. a) Paligure HamMeHbIlee BOSMOKHOE 3HaUeHNe MHOTOUIeHa P2, y) = 4 + 22yt + 2ty? — 3x%y2.

2

3

6) okaxkuTe, 9TO 9TOT MHOTOUJIEH HETH3A MPEACTABATH B BHIE CYMMBI KBAIPAaTOB MHOTOUJIEHOB OT [EPEMEHHBIX &,

4. HokaxkwuTe, 9TO MPOCTOE UUCIO HE MOZKET IBYMHA PA3IUIHBIMA CIIOCODAME TMPENCTABIATHCA B BUIE CYMMBI IBYX
KBaJpaToB.

5. a) Jlan MHOTOUJIEH ¢ TeasIMu KoaddumnmenTaMu. B Tpex Mesbix ToUKax OH TpUHEMacT 3HadeHue 2. JTokaxkmnre,
9TO HU B KaKoll Tesioff TouKe OH He MPWHWMAET 3HAUYEHUE 3.

6) Muorousen P(x) ¢ nenbiMn KoadDUImeHTaMI TPH HEKOTOPHIX TIENBIX & MpHHUMaeT 3HadeHus 1, 2 u 3. JTokaxmure,
9TO CYIIeCTBYeT He Hojiee OTHOTO TEJOTO YHCa &, IIPH KOTOPOM 3HAYeHHUE 3TOT0 MHOTOUJIEHA PABHO D.



6. Pycts P(z,y) obosHadaeT MHOTOUIEH ¢ AeficTBUTENBHBIME KoaddHUIMEHTaAMI OT ABYX HepeMeHHBIX 1 P(2,y) =0
115 JOBBIX eficTBUTEIBHBIX @ 1 Yy Takux, uTto r2 + y? = 1. JlokasaTh, 4To cyllecTByeT Takoii MHorousen Q(z,y), 4ro
P(z,y) = (2% + y* — 1)Q(z, y).

7. PaTypanpHBIe 4HcIA U Y YAOBIETBOPAIOT paBeHCTBY &2 — y° = 17. Iokaxwure, 4To umeno y’ + 2z 4+ 2 —
COCTaBHOE.

8. Pycth a — mambobinmii o0 KuTebHbI KopeHb ypapHennsa x> — 3z 4+ 1 = 0. Jlokaxmute, uTo uncia [al 758

[a19%8] oBa nensTea na 17.

n

Cepus 6(a), ¢ TpoM3BOXHON MHOTOWICHA, HIKIXKEKOM M TIp.
1. Pycrs f(x) € R[#] — mHOTOWNEH Haz KoabioM R. Pasmoxum muorousnen f(z 4+ h) € R[x, h] no crenenam h:
flx+h) = f(z) + hfi(z) + K2 f2(x) + ..., wm f(xz + h) = f(z) + hfi(z) (mod h?). IIpoussodnas muorousnena f(r)
(obosnagaerca f'(x)) — »sro muOTOUwNeH fi(x). Hokamure, uto a) (f + g) = f' +4¢'; 6) (fg9) = f'g+ f¢'; B) ecom

n n
f(z) = > apz®, o f'(z) = 3 karz*~1; 1) ecim o — xKopens MHOTOUsIEHA f KpaTHOCTH k, TO o — KOpeHb f' KpaTHOCTH
k=0 k=0

He menee k — 1.

2. Jokasarh, 4TO MHOTOYJIEH &
TOJIBKO & W OT OJHOTO TOJBKO y, T.e. B Bune f(x) - g(y).

3. Pyctb P(#,y) — MHOTOUJIEH IBYX HepeMeHHBIX. V3BeCTHO, 4TO

a) IJiA JIOOBIX &, y U z uMeeM Pz + z,y + z) = P(x,y);

6) noa mobeix © u y umeeM Pz +1,y+ 1) = P(x,y).

JokaznTe, 9T0 CYIIECTBYET TaKOW MHOTOUIEH OTHON TepeMeHHON (Q(z), ITO mJid JNIOOBIX & W Y BHIIOIHAETCA Da-
BercTBO P(2,y) = Q(z — y).

4. Paitoute Bce k, IJIA KOTOPBIX MHOTOWICH 3+ y3 + 23— kxyz menutcs Ha x4+ y + Z.

5. Horaxkmure, aro misd jiodboro n € N cyuectByer MHOTOWIEH P, () crenenn n ¢ meisiMn KoabdunmeHTamn,
yIOBJIeTBOpAIONMil ToXKIeCTBY 2 cos nt = Pp(2cost), t € R.

6. Hokaxute, uro mis jaoboro o € (@ quciio cos ar aubo copnamaer ¢ onaumM us gucesn 0, +1/2, +1, aubo upparu-

200, y200 + 1 Heab3sa IpeaAcTaBUTh B BUIE IIPpOU3BEACHNA MHOTOYJIECHOB OT OJHOTO

OHAJIBHO.
7. (A.Ty»(1863-1922)). Pycts n > 1 — HarypasbHoe uuciao. Torma ansa KayKIoro HaTypajbHOTO @, B3AHMHO
MPOCTOTO € 7, CYyMIECTBYIOT TaKne HaTypaJbHble T < /1, ¥ < /7, 410 ay = +z (mod n).
8. JokaxkuTe, 9T0 MPH JIOOBIX HATYPAIbHBX a > 1 u n uncyio (a” — 1) gennrcs Ha n.

Cepus 7(a). Iocaenaue HOBOCTH.

1. Hokaskure, 9To MHOTOUEH P (&) cTemenn n, MpuHUMAONNH Hejble 3Hadennd npu ¢ = 0,1, ..., n, IpuHIMaeT
nesble 3HAYeHnA MpH BCeX MeJBIX .

2. Muorounen P(z) = apx” +. ..+ ap IPHHUMAET TeJIble 3HAYEHNA TPH BCeX MebX #. [JokaxkuTe, 9T0 nlay, — mesoe
9HCIIO.

3. Peumnre B nesbix 4ncyiax ypasHenue (a + b\/§)4 + (c+ d\/§)4 =143

4. a) Tpexunen ar? + bz + ¢ IpU Beex TEJBIX T ABIACTCA TeTBEPTOll CTeTeHbIO Mesoro 4ncna. [lokamxmrte, 910
a=0=0.

6) Tpexunen ax? + bx + ¢ Ipu Beex NEJBIX T ABJIAETCA TOYHBIM KBaJpaToM. [lokasarh, uro torma ax? 4+ br + ¢ =
(dz + e)?.

5. Hesble uncia a, b, u ¢ rakoBel, 4ro umciaa £ + 2+ £ u & 4 ¢ 4+ 2 qoixe nennie. Tokaxure, uro |a| = [b] = |c|.

6. Muorowien P(z) crenmenn 1004 ymosiersopser ycinosuam P(k) = Fj mpu k = 1006,...,2010 (F, = Fa» = 1,
Foya = Fpy1+ Fy). Paiimure P(2011).

7. TopusonTaldbHY0 MPAMYIO, Mepecekaolyfo rpaduk MHoTodneHa 4 crenenn B 4 Touxkax A, B, C, D (1oukn
[EPEYNCIIEHBl B TOpAIKe Bo3pacTaHna abCIice), HasoBeM mpeyeoabroli, ecian u3 otpeskos AB, AC, AD MoxHO co-
CTaBHTH TpeyroibHUK. JlokKazkuTe, 9To MO0 BCE TOPU3OHTAJILHBIE MpAMBIE, TlepeceKaolnne 3ToT Tpaduk B 4 Toukax,
TpeyroJibHbIE, JTUOO CPeInm HUX BoOOIIe HET TPEYTOMbHBIX.

8. MsBectHo, ut0 f(x), g(x) u h(x) — kBagpaTHble Tpexuensl. Moxer am ypasuenne f(g(h(z))) = 0 umers KOpHE

1,2,3,4,5,6, 7u 87

Cepus 8(a), noka 6e3 rayCccoBbIX 4ucedl

1. a) HokaxuTe, 910 MHOTOUMEH P, (2) = ﬂx—_l%x_—"-"ll HpUHUMAET IleJible 3HAYeHHUA IIPU BCeX IeJIbIX .

6) Hokaxwure, 910 MHOTOUWIEH P(2) = ¢y Pp(®) + cne1Po—1(®) + ... + coPo(x), tae co,c1,. .., ¢ — HesIble 9HCTA,
HpUHUMAET IleJible 3HAYeHHUA IIPU BCeX IeJIbIX .

B) /lokaxure, 9T0 Beakmil MHOTOMWIIEH () CTENeHn 1, TPUHAMAIONINIT [e/Tble 3HAYEHNA MPU BCEX MEJIbIX &, MOKHO
upencTaBuTh B Buje P(x) = ¢, Po(#) + cno1Poo1(2) + ... 4 co Po(2), e eg, cq, . .., ¢p — HeJIblE 9HCTA.

r) Hokaxure, uro MHOTOUIeH P(z) cremenn n, npuHAMatonmii mease sHadenus npu ¢ = 0,1,...,n, IpuHIMAaET
Hesble 3HAYeHns OpH Beex HesbX .

n) lokaxure, 9T0 MHOTOYIICH P () CTENEHN N, MPUHUMAIONINI TeJIble 3HAMEHUA B 1 + | TOCIemOBATEBHBIX MEJIBIX
TOYKax, HPUHUMAET IleJible 3HaYeHHUs IIPU BCexX IeIbIX .

2. Muorounen P(x) nMmeer xoTsa OBl onnH KOpeHb, a MHorowien P(P(z)) — mer. lokaxkwure, uTo Bce KopHu P(x)
OIHOTO 3HaKa.

3. Toduxkm, COOTBETCTBYOUME KOMILIEKCHBIM 9HCJIAM 21, 23, ..., Zp JIeXKaT B BepUIMHAX BHIIYKJIOTO N-YIOJbHHKA.

HoKaXKnTe, ITO eCJIM CBA3AHBI COOTHOIIIEHTEM ot 221_6 +...+3 1_c = 0, To TOUKA ¢ JIEKUT BHYTPH 3TOTO N-YTOJIBHUKA.
n




4. Moryt s MHOrO4IeHb 2° — & — 1 u 2% + ax + b, rue a, b € Q, uMeThb obIIMe KOMIJICKCHbBIE KOPHH?

5. Pycrb f(z) = 2™ + 52" "1 + 3, rne n > 1 — nenoe uucio. okaxure, uro f(r) He MoKeT BBITH NpejICTABJIEH B
BHJIe IPOM3BEIEHNA IBYX MHOTOYJIEHOB, KasKIBIil W3 KOTOPBIX CTEIleHN He MeHbIneil 1 m Bce K0abpUIMEHTH KOTOPHIX —
Heskle 9nca.

6. Palignre Bce MHOTOUIIEHBI OT 2 MepeMeHHBIX P(#, y) Takue, 9To mpn JTOOBIX BEMIECTBEHHHIX ¢, b, ¢, d nMeeT MecTo
cootroterne P(a,b) - P(e,d) = P(ac+ bd, ad + be).

n

7. JokaxuTe, 970 AJi4 JT0HOT0 HATYPAIBHOTO THCTA N TUCTO y Cgﬁﬂ -3k

k=0

8. (Teopema Iltypma, 1829).Pycte P(x) = Py(x) — MHOrOUIEH ¢ BemecTBeHHBIME Koadbdunnentamu. Onpenennm
MHOTOWIEHB Py, Pa,. .., Py cremytommm obpasom: Py(z) = P'(x), P(x) = Q1(x)Pi(z) — Pa(2), Pi(z) = Qa(x)Pa(x) —
Ps(z),..., P_1(x) = Qx(x) Py(x) (mpoBommTcsa anroput™ EBKINAA ¢ TOYHOCTHIO 10 3HAKOB NMPH OCTATKaX).

PocnenoBarenbrocts MuorOwIeHoB Py(z), Pi(x),..., Py(x) npuaaro HassBarh padom ITmypma.

JIJis KaikIoro BEMIECTBEHHOTO UNC/a a, He ABJAIIIETocA KOpHeM MHorodieHa P(x), ompemennm w(a) Kak 9HCIO
HepeMeH 3HaKa B mocnenoBaresbHocTn Py(a), Pi(a),..., Px(a), n3 kotopoit ynasnens! Bce Hyau. Jlokaxkure, 9T0 ecyn b
u ¢ (b < ¢) — mpoMsBOJIBHbBIE BENECTBEHHBIE TNCTIA, He ABJIAIINECA KOPHAME P (), To 9ucio pasauunsz Kopueh P(x)
Ha mHTepBaJe [b, ¢] pasHo w(b) — w(c), ecom

a) MHOTOUJIeH P(x) He nmMeeT KpaTHBIX KOPHEH;

6) mMHOTOUIEH P (%) — IpON3BONBHEII.

He IeJanTcA Ha .

Cepus 9, Terepb — ¢ rayCcCOBBIMH YHCJIAMM.

1. Pemmnre cpasrerne z% + 2% + 22 + 2 +1=0 (mod 1987).

2. ParypanbHBle UHCIOA X, Y I 2 TaKOBBI, 970 £y = z° + 1. JIoKaxKuTe, UTO CyMecTBYIOT Iejble Tucaa a, b, ¢ m d
rakne, uto £ = aZ + 6%, y=c? +d* n z = ac + bd.

3. Pemmnre B memBIX THciax ypaBHeHHe 12 + 4 = y°.

4. a) Pycts N — mesoe panmoHagbHOe 9ncyio. JJoKaKuTe, 9TO €10 pasiioKeHne Ha MPOCTBIE TayCCOBBI MHOMKHUTEN
HMEET BUJL

N =pips.. . pemiT1T2Ts ... TTy,

rae pi, P2, - - ., Pk — lEeJIble PAlMOHAJbHBIE TIPOCTRIE, & T U 7y, Ty U 7g, ..., T U 7] — Mapbl KOMIIEKCHO COMPAKEHHBIX
MPOCTHIX TAYCCOBBIX YHCEI.

6) HokaxuTe, 9T0 PAIHOHAIBHOE IPOCTOE YNCIO Buaa 4k + 3 ABnAeTca MpocTHIM 1 B Z[i].

B) JloKasKkuTe, 9T0 M4 JIIOOOTO PAlMOHAIBHOTO MPOCTOTO Yucia p Buda 4k + 1 cyliecTByeT rayccoBO UHCIO &, HE
KpaTHOe p U Takoe, uT0 N« JenuTcd Ha p.

r) JToKaskuTe, 9T0 pannoHaJbLHOE TPOCToe TUCIo Buma 4k + 1 packiamgpiBacTCA B MPOUSBEIEHNE IBYX KOMILIEKCHO
COMPAKEHHBIX TTPOCTBIX TAYCCOBBIX YHCE: P = 7.

1) HokaxuTe, 9TO HATYPaJIbHOE YHCIO HPEICTABJIAETCA B BUIE CYMMBI IBYX KBaJIpaTOB TOTHA W TOJBKO TOTHA,
KOTJIa BCe MpoCThie uncia Bufa 4k 4+ 3 BXOIAT B €ro pasiioKeHue Ha MPOCThIE MHOKHUTENN B YETHBIX CTEEHAX.

e) JlokaxkuTe, 4To 4ncyio peliennii ypasHerus r? + y? = N B IeJBIX 4UCIaX PABHO yUeTBEPEHHOI PAsHOCTH KOJIU-
gecTBa gejmuresaeit N suna 4k + 1 u xonudecrsa nenureseit N suna 4k + 3 (B JaCcTHOCTH, 3TO O3HATAET, UTO KOJIUIECTBO
HEPBBIX BCETNA HE MEHBIIIE KOJTHIECTBA BTOPBIX).

7. Po mimockocTu ¢ paBHBIME MTOCTOAHHBIMI CKOPOCTAMHE MO MOTMAPHO HEMAPAJJIETbHBIM MPAMBIM MOJI3YT N Ueperna-
nrek. Jlokaxkmre, 9T0 KOTIa-HUOYIb OHU OKAXKYTCA B BEPUIMHAX TPABUIBHOTO N-YTOJIBHUKA.

6. CymectBytor sin Takne Muorownensl P(xz), Q(x) € Clz], aro P(Q(z)) = (x — 1)(x — 2) ... (x — 15)7

7. PycTh n — HaTypaJibHOE YUCTIO, & p — MPOCTOoe, bosbiee IBYX. [lokaxkmure, 9To MHOTOUWIEH &” +2P pacKIaIbIBAETC A
Ha MHOJKWTEH (CTeleHu He HUKe 1) ¢ menbiMn KoadpuImenTaMi Torna W TOJbKO TOTIA, KOTIa N JeJUTCA Ha p.

8. Pemmre B nesbIx ncaax ypasHenne: a) xt +yt = 22 6) 2 — yt = 2%

Cepus 10(a), He Ge3 pemeTok

1. a) Penterka, ABIAOMAACA TOAMHOKECTBOM PENIETKH BCEX BEKTOPOB ¢ MEIBIMI KOOPAMHATAMH, BMECTE C KaJKIBIM
CBOMM BEKTODOM COJEPIKUT BEKTOpP, NEPNEHANKYIAPHBIN eMy W paBHBIA emy 1o ajwHe. JloKaskuTe, 9TO 3Ta penreTKa
nogo6Ha peleTKe BCeX NeJOTUCIeHHBIX BEKTOPOB.

6) ¥ pemreTku A, OCHOBHBIM Mapa/iie;JOrPAMMOM KOTOPOI ABIAETC TPAMOYTOTLHEK | X /5, BRIGpasm mojipemeTky,
KOTOpasA BMeCTe C KasKJIBIM CBOMM BEKTOPOM COIEPKHT BEKTOD, IePIEeHINKYIAPHBIA eMy 1 IIPeBOCXOMAIINIT ero 1Mo JInHe
B /5 pas. BepHo /m, 4To 9Ta HOApeleTKa Hom06HA HCXOnHOil pemeTke?

2. Pycth p > 2 — mpoctoe uncio. Benmauny D = b? —4ac MBI HazoBeM JUCKPUMUHAHMOM CPaBHEHHA ax’ +bx+c =0
(mod p). HokaznTe, 9T0 9TO CpaBHEHUE

a) upu D =0 (mod p) nMeeT eqWHCTBEHHBIH KOpeHD (IBOHHOI);

6) mpu (%) = 1 uMeeT ABa Pa3IUIHBIX KOPHA, & MPH (%) = —1 He WMeeT KOpHEIL.

3. Hokaxmure, uto cpabHetue x> = @ (mod p) Hmpu MPoCTOM p U @, He KPATHOM p

a) umeeT 0 wim 3 penrenns, ecian p uMeer Bug 6k + 1;

6) umeet 1 perenne, ecan p uMmeet Bug 6k + 5.

4. Ilokaxkure, 9TO MpOCTHIX yuces Buga 6k + 1 GeckoHEYHO MHOTO.
5. Pycts p = 8k + 1 — mpocToe uucio. [lokaxkure, 9T0:
a)2-4-6-8-...-8k = (—1)%(4k)! (mod p);

6) 2 — KBagpaTu9HBI BEdeT modp.



6. A — meueTHoe wncso, X u Y — KOpHH ypaBHeHHA t2 + At — 1 = (. JloKaxuTe, 970 IpH M0H60M HATyPaTbHOM k
XF 4+ Vk g Xkt 4 VE+L _ nepre BsamMHuO MPOCThIE YUCJIA.

7. Pycrb a1 < as < ... — GecKOHeUHAs TOCJIEMOBATEIBHOCTD MENBIX ducesd. JloKaknuTe, 9TO B Hell CyIIeCTBYeT
smbo OecKoHeYHAad MOMANMOCIIENOBATENBHOCTD, JIOOBE IBa 4jeHa KOTOPOil He KpaTHBI APYT ApPYTY, OO0 OecKOHeUHasd
MOITOCIIEAOBATENBHOCTE, KAZK B 4JI€H KOTOPO KpaTeH MpPeablayIieMy.

8. a) MHOKeCTBO BCeX MEJBIX Unces pasbnTo Ha MOMapHO HelepeceKaolmeca GeCKOHeTHBIE apidMeTHIeCKHEe PO~
TPECCHH C TOJOKNTETbHBIME PasHOCTAMHE dy, do, ds, ..., d,. IHokaxure, 910 dl—l + d1—2 4+ ...+ i =1.

6) BepHo 1 3T0 yTBEpIKIAECHHUE, €CIIH YUCIO Mporpeccuii 6eckoHedHO?

9. Paiinure ocrarok ot nenenus x99 — 1 na (22 +1)(2? + 2 + 1).

Cepus 11(a): webonbumas jjobaBoanast

1. Pycrs a, b, ¢, d — Takme mesbie Yucia, 9T0 cUCTEMa ypaBHeHuit ar + by = m, cx + dy = n upu J0OOBIX METBIX M
U 1 WMEET pellenre B Menbx anciax. okaxute, uto ad — be = +1.

2. a) (Teopema [Troma) Hokamxute, 9To guarpamma PwioToHa MHOTOWwIeHa F( o MOIymio p ABIAETCA CyMMOM
Munkosckoro guarpamm P boTona muorodsieros F u G.

6) (mpmsnak roma) JokaxuTe, 9T0 MHOTOUJIEH, qHarpaMMa P BIOTOHA KOTOPOTO MO KAKOMY-HHOYIb TPOCTOMY MO-
IYJTIO COCTOWT M3 ONHOTO MPOCTOTO 3BEHA (TO €CTh OTPe3Ka, He CONEPIKAIIETO BHYTPH IEIBIX TOYEK ), HEIPUBOINM.

3. (Grace) Pycrs p = 4k + 1 — npocroe uncsio u a? = —1 (mod p). Paccmorpum pemerky A C Z%: A =
(z,y)|le+ay : p}.

a) Pafimure mionank 0CHOBHOTO MapasieorpaMMa 3TOH PeleTK.

6) HokaxuTe (¢ HOMOIIBIO T. &) ), 9TO P ABIAETCA CYMMOIl IBYX TOYHBIX KBaJIPaTOB.

4. Paiinure Bce meficTBUTEIBHBIE YUCIIA ¢ € (—2, 2), JIJ18 KOTOPBIX MHOTOYJIEH p154
e —ax” + 1.

— Cll‘77 + 1 ACJINTCA Ha MHOT'OYJIEH



