BerynurensHast onmumMnuana, 3 asrycra 2011 .

1. Haxo gmcimo 188188...188 (umcsio 188 mammcano 101 pas). DekoTopbie Mudphl 9TOro 4mcia BHIYePKHYIH. Kakoe
HanbOJIbIee YUCIIO, KPATHOE 7, MOIJIO IOy IATHCAT

2. llokaxure, aTo npu Beex z, y € [0; 1] Bermomnaercs mepasenctso H(x? + y?)? < 4+ (= + y)*.

3. D0 OKpYKHOCTH PacCTaBJEHBI B HEKOTOPOM mopsanke wucia oT 1 mo 100. DazoBeM mapy duces ropoweti, eciiim 3TH
JIBa 9UCJIa He CTOAT PANOM, W XOTA OBl HAa OAHOW W3 IBYX AYT, HAa KOTOPBIE OHU PasbUBAIOT OKPYKHOCTH, BCE YHCJIA MEHBIIE
KazKJIoro U3 HuX. UeMy MOKeT paBHATbCA obIlee KOJMIECTBO XOPOIIHAX map?

4. Touka M — cepenuna ocuoBarma BC' tpanemuu ABCD. 9Ya ocmoBammm AD Beibpana Touka P. Ypamaa PM
mepecekaeT npamyo C'D B Touke ), mpuwdem C jekuT MexIy () u D). DepneHIuKyIApD K OCHOBAHWAM, IIPOBEIEHHBIN depes
Touky P, mepecekaer mpamyo B B Touke K. Hokaxwute, uto LQBC = LK DA.

5. Ksampar 600 x 600 pasbur ma dburypknm ms 4 KJIeTOK BHIA .g, B., I:E‘:L . B ¢durypkax mepBBIX ABYX THIIOB B

3aKpallleHHBIX KJeTKaX sammcano unciao 2°, rme k — moMep cTonbua, B KOTOPOM HAXOOMTCA »Ta KJeTKa. JlokazkuTe, 4To
CyMMa BCEX 3alUCaHHBIX YUCET JeauTca Ha 9.

6. Ectp 30 kapTouek, Ha KakIOH M3 KOTOPHIX HAMNCAHO BENIECTBEHHOE YUCIO (9TH UWCa He 0OA3aTENBHO PA3INIHEI).
Kaproukn pazbunm Ha maphbl, I 0Ka3aJoch, 9TO CYMMa 9HCe] B KaxkIoil mape paBHa 1. DoToM KapTOuKkum pasbumim Ha Mapbl
IpYTUM crocoboM, I OKa3aJioch, YTO BO BCEX Mapax, KpoMe OIHOil, mpousBenenue dnces pasuo 1. [lokakure, 9To u B ocraBinelica
mape MpoOM3BedeHNe Yucesl paBHO 1.

7. Da mpogomxkennu croporbl AC (3a Toury A) octpoyrosbHoro Tpeyronbanka ABC oTMmedeHa Touka D, a Ha IPOIOJ-
kernu cToporsl BC' (3a touky (') ormedena touka F, mpuiem AD = CFE. Wseectho, uro 2ZA = ZC. Jokaxure, 9TO
LODE < (LABD + ZBAC)/2.

8. Jlano HaTypaJbHOE UHCIO M. Da JOCKe BBINNCAHB Bee HarTypadbHble uncaa or 900...00 mo 1200...00 (oba gwmcia
OKAHIWBAIOTCA Ha n HyJeH). VY KaiKIoro m3 HHX BHIOpAJH NEJINTENb, MEHBIMHH ero camoro. JIoKasKuTe, 9T0 XOTA OBl 1B U3
STUX JeuTesaell COBIMaIatoT.

Cepus 1, BekTopHO-apudmMeTHuIecKast
1. JokaxXunuTe, YTO OTHOIIEHNE SKBUBAJEHTHOCTH HAMPABJIEHHBIX OTPE3KOB TPAH3UTUBHO.

2. a) AM — mennana Tpeyrosbauka ABC. ITokamure, 410 m = @

6) HokaxunTe ¢ HOMOIIBIO BEKTOPOB, UTO MEIHAHB TPEYTOJBHIKA MEPECEKAIOTCH B OIHON TOUKeE.

3. DaiinuTe Bce YeTHBIE a > 1, obiamaronine CIEIYIONIMM CBOICTBOM: eciid ¢ OEeJUTCA Ha MPOCTOE YUCIO P, TO a — 1
nenurcd Ha p — 1.

4. Ilokaxkure, 9To cymma mudp gucaa 1981”7 ne menbie 19 mpu a1060M HATYPAJIBLHOM 7.

5. HokaxmuTe, 9TO CYMMa JBYX MOCJENOBATENBHBIX MPOCTHIX UHUCEIT, OOIBIIMX 2, PACKIAIBIBAETCA HA TPU COMHOMKUTEINH,
6ospimux 1.

6. DycThb p1 = 2, pp41 — HAHOONBIINIT IPOCTOR NEUTENB YUCTIA P1P3 - . . Pr+ 1. JJOKaKHUTE, 9TO B 3TOM MOCTIEN0BATENBHOCTH
HET MATEPOK.

7. Iamel HaTypaJbHble 9nciaa m u n. JoKaxKuTe, UTO ecyIn IpH GeCKOHeTHO MHOTUX HATyPadbHBIX k wmcio k? + 2kn 4+ m?
ABJAAETCA TOYHBIM KBAIPATOM, TO M = N.

8. JMaHbI MOJOKUTENbHBIE dncaa a, b, ¢ u d. Jlokaxure, ato ecym ¢d = 1, To Ha oTpeske ¢ KoHmamu ab u (a + ¢)(b + d)
HalimeTcsa o Kpalinell Mepe OIWH KBAIpaT IMEJOr0 YUCTA.

Cepwust 2: BekTOpsI 11
1. CyMmMa "eThIpex eNMHUYHBIX BEKTOPOB paBHA HYyJ0. [loKa)KuTe, 9YTO Cpean HUX HARIyTCA JBa MTPOTHBOIOJIOKHBIX.

OA +0C
2. A, B, C, D, O — naTh TOYeK, HUKaKIe TPH U3 KOTOPHIX HE JexKar Ha omaoit npamoii. Hokasars, uro ecim OA + OC =

@ + 53, 10 ABC'D — mapaJsuiesiorpaMm.

3. M, N, P, QQ — cepequuni cropoun AB, BC, CD u DE Breinyksoro natuyroiasianka ABCDE; F — cepemuuna M P, G
— cepemmna N@Q. Hokaxute, 9ro orpesok F'G mapasnenen otpesky AFE 1 MMeeT BUETBEPO MEHBIIYIO JJIHHY, &) ¢ TTOMOIIBIO
BEKTOPOB, 0) 63 MOMOIIN BEKTOPOB.

4. Dpu Kakux HaTypadbHEX n uncao nt 4+ n? 4+ 1 — mpoctoe?
Daitaure Bce 2011-3Ha4UHEIE YNCTa TaKue, 9TO BCe UNCTA, TTOJIy4YeHHOe W3 HAX MepecTaHOBKOi mudp, AenATca Ha 7.
Demmre a) B HATYPAJIBHBIX, O) B MeJbX uncaax ypasaenne a(a+ 1) = b(b + 2).
DaiimTe HamMeHbIee 3HaYenne Bepaxenna a) 9% — 5! 6) [11% — 5| B) |36% — 5!| npu marypameabx k u [.
Demmre a) B HATYPAJIBHBIX, O) B MeJBX Uncyaax ypasaenne z” = y(y + 1).

oo =1 O Ot

Cepus 3, ¢ nosesapivMu bopmyiamu
o 1o
. Hoxaxnre cdbopmyny mjisa miomany Tpeyroibunka: S = sabsiny.
. Hokaxure TeopeMy CHHYCOB: B TpeyrojbHuKe ¢ = 2R sin «.
N o
. Ioraxute, 4To ecjid BEKTOpHl & + b u @ — b nepnenpukysispusl, o |[a@|=|b|.
DemnTe B HATypaJIbHEIX UHCIaX ypabHemme 4z° — r = y2.
Ipu Kakux HATypaJbHBIX 1 a) 5" — | menntca Ha 47 — 17 6) 7" — 1 gemurcsa na 6" — 17
MoxeT siu TOYHBITI KBaJpaT UMETH MMOPOBHY HAaTYpaJbHBIX denutereil Buma 3k + 1 u 3k + 27
DaiignTe Boe TaKme MPOCTBIE YUCTIA P, 9TO IJIA KaXKIOTO U3 HUX 9ucyo 2p + | ABnAeTCA TOIHBIM KyOOM HATYPaIbHOTO

=~ O O = W N

qucIa.
8. JlokaxKkuTe, uTo ypaBHeHHue x> — 24> — 423 = () He IMeeT pelleHnHt B MeBIX TNCIaX, OTIMIHLIX OT PelleHnd £ =y = z = (.



Cepus 4: dbopmysibl citoxkenust 6e3 eTMHOTO TBO3Is.

—

1. lokaxure, 9T0 CyMMa BEKTOPOB, HAYIINX W3 MEHTPA MPABUIBHOTO N-YIOJbHUKA B €10 BEPIIMHBI, paBHa 0 .
2. HokaykuTe, 9T0 CyMMa KBaIpaToB AWATOHAJER MapaJjsesorpaMMa paBHAa CyMMe KBaJIpaTOB ero CTOPOH.
3. Bricota k. TpeyrosnbHIKa 06pasyer co CTOPOHOI @ yro &, a co cTopoHodt b — yrom 3. okaxkure, 9t0: a) sin(a+/5) =
. . _ Ch . . _ . .
6) sin acos 3 + cos asin f = <3¢; B) sm(a—i—ﬁ)_smacosﬁ—l—cosasm.ﬁ. . .

4. HokaxuTe, 9T0 B TpeyToJabHIKE a) ¢ = b -cosy + ¢ - cos §. 6) sin(a + ) = sin awcos 5 + sin f cos a.

5. Ilansr 8 neficTBurenbHbIX dnces: a, b, ¢, d, e, f, g, h. lokaxkure, 9To x0T# 6BI OIHO W3 1ecTH uncen ac + bd, ae + bf,
ag + bh, ce + df, cg + dh, eg + fh HeoTpuIaTEIBHO.

6. Jlokaxxure, uTo ypaHenue r!+a = y? uMeeT KOHEUHOE YHCJIO HATyPAJIbHBIX peliennii a) npu a = 2011; 6) npu a = 2006;
B) 1P JIIOOOM @, HE ABJLAIONIEMCA TOTHBIM KBaIPATOM.

7. Hokaxure, uto 4ucyo 222 ...22 (1982 JIBOJ‘/’IKI/I) HeJTb3A MPEeICTaBUTh B BUIE XY(X + Y), roe X n Y — mesble ducJa.

8. DaifimuTe Bce HATYpaJBHBIE N, IJIA KOTOPHIX a) 2" + 65 — Tounblil kBaapat; 6) 3" + 55 — TouHbIH KBaapar.

9. Yucyo 4 obamgaeT TeM CBOHCTBOM, 4TO MPH NeJeHIN eTo Ha ¢ ToMyHaeTca OCTATOK MeHbIne ¢2 /2, KaKoBo O6bl HI 6BLITO
g. DepedncynuTe BCe UUCIa, O0IAMAOIINE STHM CBONCTBOM.

che.
ab

Cepust 5, ¢ pasuoi apupmMeTuKon
1. Hokaxure, 9o sin® z + cos® z > %.
2. B kpyr panmyca 3 mOMeCTHIIN HECKOJBKO KPYTOB ¢ cyMMOil pamgmycos 25. JlokazxuTe, 9To HalimeTcd mpaMad, mepeceKka-
olas He MeHee 9 U3 HUX.
3. Hoxaxmure, uto wmesno 19811986 1 301986 ge gpngerca ToUHBIM KBagpaToM.
4. HokaxuTe, 9T0 COBEPIIEHHOE INCIO (T.€. YHCIIO, PABHOE CYMMe BCEX CBOMX HATYPAJIBHBIX JIe/INTENelH, 3a NCKIOICHIEM
€T0 caMOTO) He MOKET GBITH TOYHBIM KBaIPaTOM.

5. ,ZL&HI)I ABa MeJIbIX IIOJIOZKHUTEJIbHBIX YUCJIa M U 1. BrrimucwiBaiorcs Bee Pa3JINIHbIE OEJIUTEJIN YUCJIa M — YUCJIa a,

b, ..., k — m Bce pasnauuHble menuTenuw duciaa n — guciaa s, t, ..., z. Oxaszajgoch, uto a +b+ ...+ k=s+t+ ...+ zm
1,1 1 _ 1,1 1 _
syt =5+ T+ ,ZL(;K&)KI/ITBG, qTo;n_n.

6. [Hokamxmute, uTo ypaBHeHue H52x° 4+ 11y° + 132° = 0 He nMeeT pellleHU#t B MeJBIX YNCTAX, OTANIHBEIX OT 0.

7. 9pum xKakux HaTypasabHbix k aucio Buma 101010...101, cocraBmennoe us k myneit u k + 1 enurum, — npoctoe?

8. Hucio (\/13 — 1)2000 IpencTaBieHo B Bume a + bv/13, tme a n b - menble uncia. JokaxnuTe, 9To a u b geaaTcsa Ha 91999

9. Hdano N uucesn ¢, s, ..., Tn, KaXKI0€ U3 KOTOPBIX paBHO +1 mam —1. DpustoM o125+ 2ox3+ ...+ Xy 12, +xpx; = 0.
Hoxkaxute, uto N OeanTCA HA TeTHIpE.

Cepust 6: ...u rpadml.
1. DemnTe a) B HATYPAJBHBIX, 0) B IEIBIX YHCIAX yPaBHEHUE v =x24+ 2+ 1
2. a) 2" — 2 nenurca Ha n. JlokaxKuTe, 4TO 22"-1_ 9 nenurcd Ha 27 — 1.
6) moCIEnOBATENBHOCTD HATYPAJIBHBIX IHCEN {ay } OlpenesieHa PEKYPPEHTHO: a1 — MPocToe, ai = 2%-1 — 1. JlokaxuTe,
qTo 2% — 2 menmmuTcs Ha aj NPH BCeX HATYPAJIbHBIX K.

3. A, B,C, D, E, F — npousBoJsibHble ToUKHN. [lokakuTe, 9T0 E + ﬁ + C'—f% = ﬁ + BB + @

4. Ya mwrockoctu gano 1980 BEKTOPOB, IpUUYEM CPEIN HUX €CTh He KoJumHeaphble. M3BecTHO, 9TO cymma mobbix 1979
BEKTOPOB KOJJIMHEADHA C BEKTOPOM, HE BKJIUYEHHBIM B cymmy. Iokaxute, 9To cymMma Bcex 1980 BeKTOpPOB paBHA HYJIEBOMY
BEKTODY.

5. Daitmmre 2sin? 10° 4 sin 70°.

6. B xmacce 17 yuenukoB. M3BecTHO, UTO cpenm JioOBIX TpeX yUEHWKOB HalimyTca xoTa 6vl gBa Apyra. loxkasarh, 94To B
KJIacce eCTh YYEHWK, ¥ KOTOPOTO He MeHee 8 nmpys3eii.

7. Ycanpbpl Kaxapix 1ByX u3 30 mKeHTIBMeHOB TpadcrBa Jlumump coemmuersl oporofi. B 1mesax »KoHOMUU HECKOJIBKO
JIOPOT pENIeHO 3aKPhITh. KakumMm HanboIbIIUM KOJIUYECTBOM JOPOT MOYKHO TMOXKEPTBOBATH C TeM, 4TOOBI Mpu JTI060M BHIOODE
TAKOTO KOJUIECTBA JOPOT IJIA 3aKPBITHA IO OCTABIIAMCHA JOPOraM U3 Jito0oli ycaabbsl MOKHO OBIIIO MPOeXaTh B JOOYI0 IPYyryio?

8. B rpadecre umeerca 1000 korTemkeil, B KaKIOM W3 KOTOPHIX JKHUBET IO OJHOMY HIKEHTIbMEHY. B ommH mpekpacHBIi
JeHb KazKIBIl NIKEHTIIBMEH MepeeskaeT U3 CBOEro JoMa B KaKoi-nbo Apyrofi (epeesn ocylecTBIACTCA TaK, YTO HOCIe HETO
B KazKIOM JOMe KUBET OJINH IKEHTIbMEH). [ToKasaTh, 9To MOCIE Mepeesa MOKHO TaK MoKpacuTh Bce 1000 KoTTemxelt cunelt,
3eJleHOll M KpacHOR KpackaMmu, 9ToOBl y KazKI0TO XO3AWHA IBET €r0 HOBOTO JAOMAa OTJIMYAJICA OT IBETA CTAPOrO JIOMA.

9. DKCIEeHTPUYHBI TKeHTIbMeH MucTep [l0AKCOH TocTpomst B cagy MoAesb rpadpcTsa Jlunmup mom HasBanueMm ~ 3azep-
xanbe”. Ecam ne ycampbpl B rpadCcTBe COemMHEHBI AOPOTOll, To B 3azepkajibe — HeT, u Haobopor. U3 ycampber A Hembza
mpoexaTh B ycagpby B, 3aexaB mo mopore Menee, 9eM K IBYM IKeHTJibMeHaM. [lokaskuTe, 9ToO B 3a3epKajbe MOIKHO MPOEXaTh
3 JIo60i ycaapbhl B JII00YI0, 3aexaB Mo Jopore He bojiee, 9eM B IBE IYKUX YCAIBOBI.

Cepust 7: HAIIOMHWHAHUE O BEKTOPAaX

1. 2+ % = 1. Dafigure 2" + an IpU BCEX HATYPAJbHBIX 1.

2. Da IIOCKOCTH JaHO HEeCKOJIbKO TodeK. Ilia HekoTopwix map A, B »TuX TOYeK B3ATHI BEKTOPHI Ag, npuyeM Tak, 49TO
B KaXKIOW TOYKEe HAUYMHAETCHA CTOJBKO JKe BEKTODPOB, CKOJIBKO B Hell 3akaHdmBaerca. JoKakuTe, 9TO CyMMa BCEX BBIODAHHBIX

—
BeKTOpoB paBHa 0 .

3. Da IWIOCKOCTH JaHO 21 BEKTOPOB, BEAYIINX W3 IMEHTPA MPABUIBHOTO 2n-YTOJBHUKA B €ro BepIHHBL. (CKOJBKO W3 HHUX
HYJKHO B3ATb, YTOOBI MX CyMMa MMeJa MaKCUMAJIbHYO JIUHY T

4. JloKaszKHTe, 9TO B TPEyTONbHEKE S2 = rr rpre.



5. okaxure, ato Ha pebpax TeTpasipa HeNlb3s PACCTABUTH CTPEJKHU Tak, 9TOOBI cyMMa 0Dpa3’oBaBIIMXCS BEKTOPOB
%

paBHATach O .

6. DecKOIbKO MKOJIBHUKOB MOCTPOUIUCEH B Iepenry. (OKasajloch, 9TO ¥ KaKJAOTO MIKOJIbLHUKA, KPOMe JIBYX KpaiiHwx,
MOPOBHY 3HAKOMBIX CJIEBa U ClipaBa oT Hero. Jlokaxkure, 9T0 y ABYX KpalHUX IKOJBHUKOB TIOPOBHY 3HAKOMBIX.

7. B n-snementHOM MHOXKecTBe M BBRIOpAHO N pasIWYHBIX MOAMHOKECTB Aj, ..., A,. IHokaxwuTe, 9T0 JIJsI HEKOTOPOTO
r € M muoxectBa Ay U {z}, ..., A, U {2z} TakiKe pasjudHbL.

8. B rpynme us n? demoBex KaKALIl HMeeT He GoJiee N 3HAKOMEIX CPEIH OCTAILHBIX. JIOKaiKHTe, ITO MOIKHO BHIODATDL 1
YeJIOBEK, HUKAKHUE [IBOE U3 KOTOPHIX HEe 3HAKOMBI JIPYT € JAPYTOM.

9. @ m b — HarypasbHBle uncaa, ¢ > b > 2. Iloxkamxnrte, uto ecqn npu Kaxiaom k = 1,2, ... ;a — b uyucna a +k u b+ k
B3aMMHO MPOCTHI, TO @ U b — MOC/IeI0oBATENbHBIE TUCTIA.

Cepus 8, Ipo JIeIUMOCTD
1. Touku A;, B1, C] pacmoioixkeHnsl cOOTBeTCTBeHHO Ha cToponax BC, C'A, AB tpeyromsauka ABC Tak, 94T0 oTpes3Ku

AA,, BBy, C'Cy nepecekatorca B Touke K. Jlokaxure, 910
MK | BIK | O1K _ 1. SaBicy _9AK BiK O1K
a) a4, T BB, Tee, =L 6) Sape = 24K BK Ok -

2. 3emnemep K. samymas HaTypaJbHOE YUCIO W HAIIEJ €r0 OCTATKHU mpu genernn Ha 3, 6 m 9. CymMma 3THX OCTATKOB
oKaszajach paBHa 15. Dalimure oCcTATOK OT HejeHUA 3aIyMaHHOTO Yuciia Ha 18.

3. ¥ Bcex rpaHeli MHOTOTpaHHWKA, KPOME OJIHOIT, YICII0 CTOpOH Henntcd Ha k. [lokakuTe, 9T0 IpaHl 5TOTO MHOTOTPAHHUKA
HeJIb3d MOKPACHTh B JBa IBETA TaK, 9TOOBI CoCeMHme 0 pebpy rpanu OBIIN pasHOTO IBETA.

4. Noxaxute, a0 ab - cd — ba - de nenmrea na 99 mnsa mobsx madp a, b, ¢, d.

5. WUs mudp 1, 2, 3, 4, 5, 6, 7 modaydarT Bce BO3IMONKHBIE CEMU3HAYHBIE MepecTaHOBKU. [loKaikuTe, 4TO HU OXHO W3
MOy YeHHBIX YHCES HE AeJIUTCA Ha JIPYTOE.

6. Hokaxure, uro ecau a + ab + b? nemurcs Ha a + b, To a* + b* nenurca na (a + b)%.

7. Cymectyer sim 100 HATYpPAJIBHBIX YUCEN, JIIOOBIE 2 W3 KOTOPBIX UMEOT 0buuil gemutess, Oombimuit 1, a Bce BMecTe —
HeT?

8. Kaxmoe us HarypaJbHBIX Uncen a, b, ¢ u d mesmrca Ha HarypasabHoe dnciao ab — cd. Hokaxute, uto ab — cd = 1.

Cepust 9, ¢ bostee comep}arelabHOU apudPMeTHKOK
1. MHOXecTBO Mesbix quces [ obamaeT CIeAYIONUME CBOHCTBAMMN:
(1) n7IA KasKIBIX 9JIEMEHTOB ¢ 1 b MHOMKecTBa | UX cyMMa a + b TakiKe mpuHamaexuT [;
(i) aa KazKIOTO »JIEMeHTa ¢ MHOYKecTBa | BCe ero KpaTHBIE (TO ecTh BCe 4HCsa BHIA na ¢ 1 € 7, ToyKe NpHHaIIekRar [.
Hokaxure, 9To | ABIASTCH MHOXKECTBOM BCEX KPATHBIX HEKOTOPOTO TEJIOTO Yucia d.
2. (DaBepHroe, »Ta 3aKa9a NOJIKHA OBLIa CTOATH Ha MecTe 8.1) Da orpeske AAj, coeamHAONEM BEPIINHY TPEYTOJBHUKA

ABC ¢ TouKOl Ha TPOTHUBOIOJNOKHOM cTopoHe, oTMedena Touka (. JlokaxuTe, 910 SSA:% = fg .
1
3. [lokamuTe, 9TO IpHU HATYPAJIBHOM M > 3 > x menutca Ha m + 1.
1gegm

22—z41 - m

4. a) (V2+1)" =/57122 4+ /567121, Jlokaxure, uto (vV2 — 1)7 = /57122 — /57121..

6) DycTh (\/5—1— N =a+ b\/2. okaxure, 10 (1— \/5)” —a—b/2.

5. HokayuTe, 9T0 Jid KayKIOTO HATYPAJIBHOTO N CYIIECTBYET HATypaJgbHOe k Takoe, 4To (\/5 - 1)” =vk+1- \/E

6. YarypasjbHble YHUCIA @1, ds, . . ., A, DOJBITE 1, HE TPEBOCXOMAT 4n(n — 1) ¥ ToTapHo B3auMHO npocThl. lokaxure, uTo
XOTsA OBI OJHO N3 2TUX YUCEJI — IIPOCTOE.

7. DeminTe ypaBHEHUE 2+ y3 =3 IPOCTHIX YUCTaX.

8. DaiinuTe Bce maphl HATYPAJIBHBIX UHCEN M U N TaKde, 970 m’ + n u n? + m — TOYHEIe KBAAPATHL.

Cepus 10, c IpUBEIEeHHBIMHA B CUCTEMY 3HAHUSAMU

1. JlokaxkuTe, 9TO ecJiu y HaTypaibHOrO N

a) HET MPOCTHIX JAeTUTeNel, He MPEBOCXOMANINK VN, 10 N — mpoctoe;

6) HeT MPOCTHIX JeNTeNel, He MPEBOCXOMANINK /N, To mioboii cobersernbIi qenTens N mpoct.

2. DPoCThIe YUCTA P, § U HATYPATIBHOE YHCIIO N YIOBJIEPAIOT COOTHOIIEHIIO zl? + é + qu = % Daitgnre »TH YuCa.

3. DemmuTe B NMeJEIX YHCIAX ypaBHeHme x2 — by + 4y’ = 101.

4. Demnre B HATYPAJbHBIX YUCIax ypaBHeHue x5 + 3 = 4y(y + 1).

5. [lokamxmuTe, 9TO

a) n-€ MPOCTOE UNCIO Pp, < 22",

6) mpu n > 2 cylecTByeT MpocToe p, NjiA Kotoporo n < p < nl.

6. ObosHauuM m(N) KOTUIECTBO IPOCTBIX YHCEN, He TpeBbimaonmx N. Denmre ypasuerue m(N) 4+ m(2N) = N.

7. DycTh pp — N-€ MPOCTOE YUCIIO, a T(N) — KOJWIECTBO MPOCTHIX UHCeS, He MPEBOCXOAAINX n. [ToKakunTe, 9TO KamIoe
HATYPAJbHOE YNCJIO MPEACTABIACTCA POBHO B OJHOM U3 BUJIOB N + Py, — 1 win n + m(n).

8. Touky BHYTpH HPaBHJIBHOTO a) IIECTHYTOJBHUKA, 6) 2k-yroJIbHUKA COSIMHUIIN C €ro BeplimHaMu. [JoKaxkuTe, 970 Ha

—
MOy YEHHBIX OTPE3KAX MOIKHO PACCTABUTh CTPEKH TaK, 9TOOBI CyMMa 0O6pasoBaBIINXCA BEKTOPOB Obita paBHa ( .
9. Hoxaxure HopMyIy II4 IIOMALHT TPEyToabHAKa: S = 2R’ sin asin Fsin 7.

Cepust 11, npo Hanboabmuii OOIIAN TEJIATEID U BCE TAKOE
1. Ocran Dennep opranumsosas B ropome Pykce pasgady CIOHOB HACETEHHIO. Ja pasaady ABHIOCH 28 dieHOB mpodcomosa
u 37 He wieHoB, npudeMm OcTan pasmaBajl CJIOHOB MOPOBHY BCEM WeHAM Mpodcofosa M MOpOBHY He dieHaMm. (OKazasiock, 9TO



CYUIECTBYET JIMIIb OIWH ciocod Takoli pasmadn (Tak, 9ToObl pasfarTh BCeX CJIOHOB). Kakoe HambOJNbIIEe UNCIO CJIOHOB MODJIO
6piTh y O.Yenmepa?

2. Hokaxwure, 910 [a, b](a, b) = ab upu Bcex HATYpaNbHBIX a 1 b.

3. loKaxKuTe, UTO HE IPH KAKOM IeJOM n BEIpaKeHue n’ + 3n 4+ 5 He menamrcs Ha 121.

4. Datimmre  (111...111,111...111).

m EOWHUI, n EIWHMWIL

5. (14 v2)?°' = a4+ b\/2, tiie a u b — neanie wncna. Joxkaxute, 910 (a,b) = 1.

6. a, b, ¢, d — marypaabuble gnciua, ab = cd.

a) Jokaxunre, 9T0 CYyIMIECTBYIOT HATYpaIbHBIE YHCIA U1, U1, U2, V2, JJIA KOTOPHX @ = U1v1, b = Usva, ¢ = tytg, d = v10a.

6) Hokaxure, 910 9mucao « + b+ ¢ + d — cocraBHoe.

7. Dyerb f(z) = 2* —z + 1. loxaxwure, aTo auia Joboro marypambHoro m uucia m, f(m), f(f(m)), ... momapuo B3aummo
HPOCTHI.

8. Da mI0CKOCTH pacmo/IozKeHH IBa paBHOCTOPOHHIX TpeyroabHuka Ay B1Cy m A BoC'y, BEpIIMHBI KOTOPBIX 3aHYMEpPOBaHBI

, : 54, 08, o0 T
mo 1acoBoii ctpenke. M3 mpousBosbhoit Toukn O oryioxkensl BekTopsl OA, OB, OC, paBHble cooTBeTCTBEHHO BeKTOpaMm Aj As,

—
By By, C1C5. Hokaxure, ato Toukn A, B, C' Takxke ABIAIOTCA BEPUIMHAME PABHOCTOPOHHETO TPEYTOJIBHUKA.

9. DATb KOMIIJIEKCHBIX YHCENT €1, €2, €3, C4 U €5 CBA3AHBI COOTHOIIEHTEM é + é + é + é + é = 0. /lorkaxuTe, 9TO ecqn
TOYKH TIJIOCKOCTH, W306pazKaroline KOMIJIEKCHBIE TUCTIA €1, Cg, €3, C4 U C5, JIEJKAT B BEPIIMHAX BBIIYKJIOTO TATHYTOJIbHAKA, TO

Touka 0 HAXOOUTCA BHYTPH 2TOTO NATUYTOJBHUKA.

Marematuvdeckuid 60t miamiiast rpynmna — Ilerepbypr, 19 asrycra 2011 r., Bapuant A

1. B kmerkax mpamoyrosbauka Hx9 croar 33 dumku. Xom COCTOUT B TOM, YTO BCe (DUINKHA OTHOBPEMEHHO CIABHUTAIOTCH
Tak, 9TOOB Kaxmad UIIKa OKazajgach Ha KJIETKe, COCemHell ¢ MCXOMHOI. DpH >ToM 3ampelaeTcda CTABUTH ABe (DUIIKH Ha
OfIHY KJIETKY (B TOM 4HCJIe W B HadaabHOH mosuiun). Kpome ToTo, ecin Kakag-To (bUlKa MePEIBHHYIACH IO TOPU3OHTAH, TO
B CJEYIONHUA X0 OHA [OJIZKHA TEPEIBUTATHCA 10 BEPTUKaANH, U Haobopor. IokaxkuTe, 9TO MO 3TUM MPAaBUJIAM HEBO3MOIKHO
caenark moapan 100 xomoB.

2. B Beinykiom mectuyronsuanke ABC DEF nuaronanu AD,; BE u C'F paBHB 1 iepeceKaioTcs B ofHON Touke. OKa3aioch,
aro AB = DFE, a BC = EF. Hokaxure, uto C'D = FA.

3. Moxnuo a1 orMeTuTb 2011 THcio Tak, ITOOI A1 JIFOH0r0 OTMEUEHHOTO THCIa & THCIIO 322 —2 ToxKe BBIIO OTMETEHHBIM T

4. JMokakwWTe, 9TO IJA MOJOKHUTEIBHBX UHCEN ¥, Y, Z, IPOU3BEIEHNE KOTODBIX PaBHO |, BBIIOJIHEHO HEpaBEeHCTBO (4 +
W+ 2z +a)? > (e +y+2)°

5. Dpm Kakux HaATypaJbHBIX k, Oosbimx 2, HO MeHbIIHX 50, CyIIeCTBYET YMCIIO, KOTOPOE ABJIAETCA CYMMOW k MIymmx
MO A HATYPAJBHBIX YUCET, HO He ABJIAETCA CYMMOIl m HAYIINX MOAPAM HATYPAJIBHBIX YHCEs pu JioboMm m oT 2 go k — 17

6. Kakoe mamboJblllee KOIMIECTBO YUCES MOJKHO BBIOpaTh m3 mepBbix 2001 HaTypaJbHBIX 9HCET TakK, 9TOOB He OBLIO
BRIOpAHO HUKAKOE MPOW3BEIEHNE IBYX W3 BHIODAHHBIX YHCEJN?

7. B tpeyronpanke ABC ZB = 120°. BL — b6uccekTpuca 31oro Tpeyrojbanka. K n M — ocHOBaHWA MEPIEHAUKYIAPOB,
omyuieHHbX w3 Touku L Ha cropousl AB u AC coorBerctBenno. Hokamxmute, uto 2K M < AC.

8. B rpynne m3 100 sromeli cpemm JT06BIX TPOMX €CTh YEIOBEK, 3HAIOMNX 0boux apyrux. lokaxure, 910 U3 3TON IPYNIIBI
MOZKHO BBIOpaTh KoMIaHuio n3 b0 9esioBeK, B KOTOPOil BCe 3HAKOMBI APYT C IPYTOM.

9. MozxHo Jim BRIpe3aTh W3 KjaeTdaTol bymarun 16 TpAMOYTOJIBHUKOB TakK, 9TOOBI M3 HUX MOZKHO COCTaBUTH JIOOOH Kier-
9aThlil TPAMOYTOIBHIK, 00 CTOPOHBI KOTOPOTo He bosibine 157

10. /lano HatypasbHOe uucsio b. Daiimure HaMMeHbllee HaTypaJbHOe ducyo a > b Takoe, urto (a,b) = 1 u a” +a + b
menures Ha b2,

Matrematuvdeckuii 6ot miamiras rpynmna — Ilerepbypr, 19 aBrycra 2011 r., Bapuant B

1. B BBIIYKJIOM OATHYTOJBHUKE BCE TUATOHAJM PABHBI, a TaKiKe PABHBI YeTHIpE MOApAIN Waylime cTOPOHBI. Jlokaxure,
9TO BCE €70 CTOPOHBI PABHHI.

2. DBM "9enTiox-6” 1m0 BCTAB/ICHHBIM B Hee KapTOYKaM C HEHYJIEeBBIME YHCIaME ¢ U b BBIBOOUT KapTOYKy ¢ 9ucIoM 1 — ¢
1 BO3BpalaeT obe BCTaBJIEHHBIE KapTodkn. Kak, mMes KapTOUKM ¢ YUCIAMU P U ¢, MOJIYIUTHh KAPTOUKY € IUCIIOM 2—’7

3. Da npamoli B ykasaHHOM mopaake orMmedensl Toukn A, B, C, D (AB # CD). D0 ogHy CTOPOHY OT 3TOil HpAMON
mocTpoeHbl paBHOCTOpoHHUE Tpeyronbhuku ABX, BCY u CDZ. Okaszamock, yro XY = Y 7. Dalinure yrisl TpeyroibHUKA
XY 7.

4. JlaH BBRIMYKJIBIH CeMUYTOMBHUK. [lOKayKuTe, 9TO OIHY W3 €10 BEPUIHH MOZXKHO YIAJIUTh TaKUM 00pa3oM, 4TOOBI HUKaKWe
TPU OWATOHAJM, COENUHATONINE OCTABIINECA BEPIIMHBI, HE MMeJH ObIell BHYTPEHHENR TOYKH.

5. MHOXKecTBO HATypaJbHBIX 9HCces pasOUTO Ha Helmepecekamlinecd MHOXKecTBa Ny m N Takwe, 9TO PA3HOCTH UHCEJ,
JIEKAIINX B OJHOM MHOXKECTBE, He ABJIAETCHA MPOCTHIM ducioM, bombinum 100. Dalinure Bce Takme pa3bueHns.

6. Uncna x1, x2, 23, ..., 19 HOIyIeHEl IepecTaHoBKol uncen 1, 2, ...10. Hokaxute, 9To 14222+ 3x3+.. .+ 10219 > 165.

7. Kuergarwiit kBagpar 16 x 16 paspesan Ha moMuHOMKH (MpaMoyronbHEKE | X 2). JlokamuTe, 9To Hafimerca mpamad,
HAyIIasd MO JUHAAM CETKH U PACCEKAoIasd MomoJiaM He MEHbINE MeCTH JOMUHOIIEK.

8. Uro 6osbie: cymMa MATHIX CTeNeHel HaTypaabHbix duces o 1 mo 10000 uiam cymma mIecATHIX cTeleHeil HaTypaabHBIX
guces ot 1 go 1007

Cepust 12, KOTOPYIO HY*KHO pPelliuTh GBICTPO
Sagaun 1-4 moszKHBI OBITH PENIEHBI C MOMOIIBIO Macc, a 3ajgada b — 0e3 Hux. 3agaun 2 u 4 OyayT pasobpaHbl yTpom 22
aBTycTa.



1. a) B Bepmmnax A, B, C'; D napannenorpamma ABC'D moMelleHbl COOTBETCTBEHHO MAcCHl P, ¢, P, ¢. Hokamure, 470
MEHTPOM PTHUX MACC CJIYKHUT MEHTP MapallieJorpaMma.

6) B Bepmmnax mapasienorpamma ABC D pacmosioiKeHBl TaKne Macchl Ma, Mp, Mc, Mp, 9TO HEHTDP MOIYIAIOUIXCH
YeThIPEX MATEPHATBHBIX TOUEK COBIAJAET C MEHTPOM MapaJsuiejorpamma. [lokakure, 9T0 my = me, mp = mp.

2. Hokaxkute teopemy Yernl.

3. Hokaxkmure Teopemy Ban-Obens.

4. Buyrpnu tpeyronbauka ABC mexut touka O. HokaxuTe, 9T0 OHA ABIAETCA MEHTPOM MACC, YHCIEHHO PABHBIX ILJIOIIA~
nam TpeyroasaukoB OBC, OCA, OAB, noMelieHHBIX cOoTBeTCTBeHHO B Touku A, B, C'.

5. (Menenait Anekcanmpuficknii, ok.100 mo #.5.) Toukm Ay, By n Cy jexar cooTBeTcTBeHHO Ha croponax BC, AC u
AB tpeyrombanka ABC wim #a mx npomoikenuax. okaxwute, uro ecam Toukm A, By, C] sexar Ha omHOW mpaMOil, TO
AB, - BCy -CA; = ACy, -CB; - BA;.

6. p= 4k + 1 — mpocroe ancmao. lokaxkure, 9To0 (’%1)2 =—1 (mod p).

7. Daijimure (2™ — 1,2" — 1) npn Bcex HATYDaJIbHBIX M U N.

8. HMokaxure, 4to ecqu ymcio 2F — 1 — npoctoe, To uuciao 2P~ (2P — 1) — coBepuieHHoe.

9. Hokaxmure, 910 4ncyo nl: a) we geantcs Ha 27; 6) He AeauTca Ha p” HE IPH KaKOM IPOCTOM p.

Cepust 13. Tenepn Mol sHaem BCE!
B sagagax 1 u 2 AB obosHagaeT OpHEHTHPOBAHHBI OTPE30K.
1. (Teopema Yepsr, nosnHada Bepcus). Touru Ay, By u Cy nexar wa npameix BC, AC u AB coorsetcrBenno. Jokaxure,

ato npambie AA;, BB; u C'C mepecekaoTcs B 04HOI TOUKe Torma M TOJBKO Torga, Korga ABy - BC, -CA; = C1A-BC- A B.

2. (teopema Menenas, nonnas sepceud) Toukn A;, By u C} jexar coorBeTcTBeHHO Ha ctoponax BC, AC' u AB tpeyroms-
nuka ABC winm va ux npomoskeHuax. /lokaxmure, 9T0

a) ecnm Toukn Ay, By, Cy nexar na omHol npamoit, to ABy - BCy - CA; = AC, - C'By - BA;.

6) ecniu ABy - BCy - CA; = ACY - C'By - BAy, o Toukn Ay, By, €1 nexar Ha ofHoll mpaMOoii.

3. Ay, Ag, As, Ay, As, As — cepenuHBI CTOPOH IECTHYTOMBHNKA (B TOpAIKe o6xona). JTokaknTe, 9TO TOUKN TepecedeHn
MenmaH TpeyroabHukos A AsAs m Ag Ay Ag coBmamaior.

4. JlokazKuTe, 4TO

a) (Toura ZKeproHua) oTpesKH, COSIMHAIONINE BEPIIMHB TPEYTOIBHIKA ¢ TOYKAMH, B KOTOPBIX BIUCAHHAA OKPYKHOCTH

KacaeTCd MPOTUBOIIOJIOZKHBIX CTOPOH, IEPECECKAIOTCA B onHOI TOYKE]
6) (TO‘IK& SaI‘eJIH) OTPE3KN, COCANHAKININE BEPIINHBI TPEYTOJIBHUKA C TOYKaMHM, B KOTOPBIX BHEBIIMCAHHBIC OKPYXKHOCTH

KacaloTcsA MPOTUBOIO/IOKHBIX CTOPOH, MMEPECEKAIOTCA B OOHOI ToUKe.
bc]? (a,b,c)?
5. Hokaxkure, 910 [a,0, = ol .
A » 10 T elleal = (@b),c)(ea)

a(n 3
6. JTokakuTe, 9TO TPH JOOOM HaTypadbHOM i /R < i) < 10
7. DarypanbHBle THCTA I, Y, £ YAOBIETBOPAIOT ypabHermio 2 + y? = z?. Jlokaxure, UTO
a) xyz menurca Ha 60;
6) ecmu (x,y, z) — npumumusnoe pewenue (T.e. (z,y,z) = 1), T0 NJA HEKOTOPHIX HATYPAJBHBIX U U U PA3HON YETHOCTH,
u > v, (u,v) =1, mbo x = u? —v? y = 2uv, z = u? + v?, mubo x = 2uv,y = u? —v? z = u? + v’
8. a — nesoe uncyo, (a,561) = 1. Hokaxure, uto a®*® =1 (mod 561).
g7 am
9. MokaxuTe, 9T0 A Pas3IUIHBIX HATYPadbHBIX m 1 n (2 +1,2% +1) = 1.

Cepwusi 14, onsiTh B cHelike

Banada 14.1 6ymer pasobpana yrpom 24 aBrycra.

1. 9pomomxenus croporn AD u BC gersipexyronbanka ABC D nepecekatorcsa B Touke W, a X uY — cepemuunl nuaronaseti
AC u BD. Hokaxwute, 9To mwiomianb Tpeyroabauka W XY paBHa omHoil yeTBepTH miomanin deThipexyroiabanka ABCD.

2. OTpe3kH, COEMUHAININE TOYKY BHYTPH BBIMYKJOTO N-yTOJBHUKA € €ro BePIIHHAMEH, OOpa3yiOT CO CTOPOHAME 7-
VTOJIBHUKA YIJIBI vy U 31, Qs U P, .. .,, &np U B, COOTBETCTBeHHO. [oKaxKuTe, ITO SiN (g SIN Qvg . . . SN vy, = 81N B 8in Fo . . .81n 3.

3. (Tpuronomerpudeckas dpopma Teopembl Uenl). [JokamuTe, 970 JTyUn, BHIXOIAIINE N3 BEPUINH TPEYTONbHIKA U pasbu-
BAIOIIME €T0 YIJIBI HAa yIUIBI o1 U J1, a2 U (2, ag U 3 COOTBETCTBEHHO, MTEPECEKAIOTCA B OAHOW TOYKE TOT/a W TOJBKO TOLJA,
KOI7a Sin o1 Sin (g Sin ey = 8in 31 sin B sin fs.

4. Ay, By, C1 — toukn na croponax BC, AC, AB tpeyronasauka ABC' coorBeTcTBeHHO. [loKa)KmTe, 9TO

a) ecsiu TepreHUKYJIApbl K CTOPOHAM, BOCCTABJIEHHBIE B 3THX TOYKAX, llepeceKaloTcs B ofHoll Touke, To AB} + BCE +
CA} = AC} + BA? + CB?.

6) eciu AB? + BC? + CA? = AC? + BA} + C'B?, To nepneHIuKynapbl K CTOPOHAM, BOCCTABJIEHHBIE B TUX TOUKAX,
mepeceKkaroTCa B OIHONW TOUKe.

5. IHoKazKuTe, UTO I/ KasKIOTO IPOCTOTO p CYIecTBYIOT TaKHe Heskle & U y, 110 x> + y? 4+ 1 menmrtes Ha p.

6. DarypanbHbe UHCTIA Y U 2 YIOBISTBOPAIOT CooTHOMeHHIO 3> + 4y = 22, JloKaiKuTe, IT0 Y eCTh YIBOSHHLIN KBaIpar.

7. Henoe umcIo a TaKoBO. WTO WHCIO 3a IMpeicTaBifeTcd B BHAe x° 4 2y, THe & U y — Heable uncaa. JoKaKuTe, ITO U
YUCJIO @ TPEACTABIMO B TaKOM K€ BHUIIE.

8. HMokaxure, 4to npu jaobom HatypasbioM n (Hn)! nemurcs Ha (n!)®.

9. DemnTe ypaBHEHNE B HATYpaabHBIX duciax: 1057 4+ 211Y = 1067.

akaovnTeIbHAsE oJinMnMana, 25 asrycra 2011 r.
1. CymecTByeT /n ABaANATH3HATHOE HATYPaJIbHOE UMCJIO TaKoe, ITO eCJu ero Mudphbl 3alucaTh B 0OpaTHOM MOPAIKE, TO
MOJIyIeHHOE 9HCJI0 OYIEeT POBHO B TPH pasa GoJblie IEpBOHATAILHOTO?



2. Bece knerkn mockm 10 x 10 mokpamuiens! B 6enbrii meet. Pensg u KOpa mo odepenn (Ha‘II/IHaeT CDGILH) TepeKpallnBaiOT IO
onHOit Gesoil KJIeTKe B YepHBIH IBET. D POUTPHIBAET TOT, TOCJE YBETO XOIa Ha JOCKE He OCTAHETCH ABYX COCEIHUX IO CTOPOHE
6ebix KiIeToK. KTo BRIMTpPBIBAET P MpaBUIBHONE UTpe”

3. DaiiguTe Bce HaTypasbHBIE Z, IJIA KOTOPHIX 32 + 1 1 62 — 2 — TouHble KBaapaThl, a uncao 6x2 — 1 — mpocToe.

4. B octpoyroasaom Tpeyroabauke ABC mposemena Boicora C'H. Okaszamock, uto AH = B(C'. [lokaxure, 9To Ouccek-
Tpuca yria B, BeICOTa, ONylleHHAA W3 BEPUIHHBI A, U mpAMad, MpoXopdiiaa depes TouKy H u mapasuienbHas ctopore BC|
mepeceKkaroTCa B OIHONW TOUKe.

5. Da konnept mpunin 125 wyesgoBek, npuueM KaiKIblii 6611 3HakoM poBHO ¢ 10 apyrumu. B mepepsiBe HEKOTODBIE CITY-
nraresw yunrn. OKas3agoch, 9TO BCE OCTABIIMECH MO-TMPEKHEMY MMEIOT B 3ajle OQMHAKOBOE KOJIMYIECTBO 3HAKOMBIX. [loKaxkuTe,
9TO CPeNy YIIEANnX OBIIN 3HAKOMBIE IPYT C IPYTOM.

6. JlaHbl HATYpAJIbHBIE TUCTA @, b W ¢, HI OHO W3 KOTOPHIX He ABNAETCA Je/nTeneM apyroro. UssectHo, uTo (a, b)+[a, b] =
(a,¢) + [a,c] + 1. Hokamute, 910 ¢ < b < %c.

7. Da ryeTdyaToll HymMare HapUCOBAH TPEYTOJBHUK, BEPUIMHBI KOTOPOTO JI€XKAT B y3JIaX, a CTOPOHBI HE WAYT MO JTUHUAM
cerku. Kaxmaa kjaeTka pasdbmra Ha 4 ONMHAKOBBIX KBaJpaTWKa, JIEBBI BEPXHUl W3 KOTOPBIX OKpAllleH B KPACHBIH IBET, a
npaBbIil HUKHII — B cuHuii. Jlokaxure, 9T0 B TpEyTrOJbHUKE KPACHBI U CHHUIT IBETa 3aHNMAIOT ONMHAKOBYIO TLIOIIATE.

8. PaspmuBoMOHETYHK W3ITOTOBMIT 90 asbIIUBRIX MOHET, BECANUX MO 9 rpamMM, W MO HEOCTOPOKHOCTH T0OABUJ K HUM
10 macrosaumx, Becammx mo 10 rpamm. MoHeTHI TepeMeInaanch, W OH HE MOXKET OTJIMIUTH OJHH OT APYTHUX. ¥ HETO eCTh
BECHI, KOTOPBIE TTO3BOJIAIOT B3BECUTH JII0O0E KOJTMIECTBO MOHET, HO BBIAAKT JUOO TOUHBIN Bec, mubo Bec, Ha 1 Tpamm Gosburuit
uCcTUHHOTO. MOXKET JIM OH ¢ TIOMOIIBIO 3THX BECOB rAapaHTHPOBAHHO HaliTH XOTA 6B OXHY DaIBIINBYI0 MOHETY !



